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Foreword  

It is our great pleasure to present to you the proceedings of the second 'Physics with 
Industry' workshop that was organised by the Foundation FOM and Technology Foundation 
STW at the Lorentz Center in the Netherlands. The main aim of the 'Physics with Industry 
workshop' is to obtain creative solutions for industrial problems and to bring (young) 
physicists in contact with industrial R&D. 

The first 'Physics with Industry workshop' was organized in 2010 and was inspired by the 
'Mathematics with Industry' workshops, which have regularly been organised by the 
'International Study Group Mathematics with Industry' since 1968. As well as enabling 
excellent scientific research, both FOM and STW focus on contributing to the Dutch 
knowledge economy, for example through public-private research collaborations and the 
training of young scientists. The 'Physics with Industry workshop' is therefore a natural 
extension of FOM's and STW's ambition to help companies and to inspire (young) physicists. 

Sixty-four physicists participated in the workshop 2011, ranging from PhD students to 
professors. These scientists spent a week working in groups on five industrial problems, 
which were selected by a programme committee from proposals put forward by industry. 
Following an introduction to the various problems by the companies on Monday, the 
participants worked on these in groups for the rest of the week. On the last day, the groups 
presented their findings to the companies. A novelty in the 2011 workshop was that some 
groups performed real experiments at the laboratories of Leiden University.  

Besides the scientific outcomes, the workshop also resulted in new public private contacts 
that may lead to future collaborations. Participants were mostly driven by the shear pleasure 
of applying their physics knowledge to new problems, the desire to enrich their scientific 
network and the interest in gaining hands on experience with industrial R&D processes. 
Companies benefited from the scientific input they received and participating in the 
workshop enlarged their academic network.  

These proceedings provide an overview of the scientific results obtained during the second 
'Physics with Industry' workshop, the start of a tradition. We hope you enjoy reading it! 

 

 

 

 

 Wim van Saarloos Eppo Bruins 
 Director FOM Director STW 
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Introduction 

The second workshop Physics with Industry was organized in 2011 by the Foundation FOM 
and Technology Foundation STW at the Lorentz Center at Leiden, the Netherlands.  

The five industrial problems discussed during the week were collected via an open call for 
proposals in spring 2011. A programme committee selected the five 'best problems' for the 
workshop. The selection criteria used by the committee were: 

- it must be possible to solve the problems (or a major solution must be within reach) 
within one week and physics can make a clear contribution to the solution; 

- it should be an urgent problem; 

- the company should be willing to share detailed information. 

The committee aimed at a mix of contributions from small, medium and large companies. 
The committee consists of seven researchers with different backgrounds in physics:  

Prof. Reinder Coehoorn, Philips Research/Eindhoven University of Technology 
Prof. Marileen Dogterom, FOM Institute AMOLF 
Prof. Ute Ebert, Centrum Wiskunde & Informatica 
Prof. Erik van der Giessen, University of Groningen 
Prof. Martin van Hecke, Leiden University 
Prof. Detlef Lohse, University of Twente 
Prof. Lucas van Vliet, Delft University of Technology 

The committee selected problems from the companies Avery Dennison, FEI Company, 
Nano4Imaging BV, Océ and Unilever. Four large companies and one SME. As soon as the 
five workshop problems had been selected, senior researchers from academia who are 
familiar with the specific subjects involved were recruited. They helped the companies to 
prepare their questions for the workshop and they joined the workshop week to guide the 
progress of the discussions. 

These proceedings contain five chapters, one for each company case. Each chapter starts with 
a description of the and a profile of the company, followed by a detailed description of the 
results obtained in the single workshop week. 
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Avery Dennison 
Develop self adhesive to stick on moist and icy substrates 

 

 

 

 

 

Sabine Akerboom1, Anton Darhuber2, Sjoerd van Driesten 3, Sjaak Elmendorp3, 
Marleen Kamperman1, Tibert van der Loop4, Chaojie Luo5, Fidel Valega Mackenzie6, 
Mark-Jan van der Meulen7, Elizaveta Novikova2, Yuriy Yanson8 

1 Wageningen University, the Netherlands 
2 Eindhoven University of Technology, the Netherlands 
3 Avery Dennison, the Netherlands 
4 University of Amsterdam, the Netherlands 
5 University College London, United Kingdom 
6 Delft University of Technology, the Netherlands 
7.University of Twente, the Netherlands 
8 Leiden University, the Netherlands 

1. Abstract 
Normal acrylic-based adhesives that stick to dry surfaces, do not stick to surfaces with a 
water film. The water decreases the Hamaker constant, which indicates the strength of the 
Van der Waals forces, by a factor 10. The time needed to squeeze out the water by applying 
pressure to a label on top of a wet surface, is too long for normal applications. Approaches to 
remove, use and penetrate the moisture layer are proposed. This work focuses on proposals 
for water removal and this case is analyzed theoretically and tested experimentally. Pores are 
needed to transport the water away from the gap between the substrate and the adhesive 
layer. We show experimentally that adhesives with pores (50 µm diameter, 1 mm spacing) 
have a larger pull-off force on wet surfaces after applying pressure than adhesives without 
pores. Theoretical calculations for a 20µm thick adhesive layer of 645 mm2 surface area with 
800 holes of 10µm diameter, show that the maximum volume of water retainable in the cap-
illaries is 1.5 .10 -12 m3. This value is 500 times less than the volume of water squeezed out 
when the layer is reduced to 1µm. Therefore pores need to be made through both the adhe-
sive and film layer where the water can evaporate or an absorbance layer is needed. Alterna-
tive strategies proposed to improve adhesion performance on moist icy surfaces include 
addition of polysaccharides, (poly)electrolytes, nanofibres, functionalized superhydrophobic 
and superhydrophilic patterns of the adhesive layer 

2. Company profile 
A merger with Dennison Manufacturing in 1990 created the new Avery Dennison. Today, 
Avery Dennison has more than 30,000 employees in 60 countries and $6 billion in sales.  

Our vision 'Make every brand more inspiring and the world more intelligent' is all around 
labels and decoration technologies. Labels that you find virtually on most of the goods you 
find everyday in the supermarket. We foster creativity and the development of new ideas, 
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products and processes to enable and provide solutions to help grow our customers' busi-
nesses.  

Our technologies and capabilities are in the fields of self adhesive, web-based converting, 
high speed precision coating, printing, RFID, micro-replication, film extrusion and functional 
coatings 

3. Problem description 
Self adhesive materials are 'thick fluids' that bond to a substrate based on differential of sur-
face tension which makes deformation of the adhesive possible. Upon debonding the stiff-
ness of the adhesive and the energy dissipation play key roles (as is the adjacent printed 
layer). 

Self adhesive labels are used in many areas because of its versatility to print, convert and 
easiness to apply the label to a product. Especially when labelling takes place under produc-
tion environments below dew point, or when frozen substrates are labelled under ambient 
conditions the surface areas will be 'contaminated' with a layer of water making the bond 
difficult. 

The consequence is that labels fall off, that they need to be labelled, or in the case of pharma-
ceuticals or bloodbags, manually dried before the label can be applied. 

4. Problem solving strategy 
The central problem in this case is that the moisture layer formed on icy and cold surfaces (5-
10°C) hinders the effectiveness of the adhesion properties of the adhesive. 

The scope of our strategy was limited to liquid water being condensed on the substrates sur-
face. In case of icy surfaces, we suggested to use an anti-freeze agent in the adhesive layer, 
e.g. salts or diethylene glycol, to melt the ice to moisture and treat the issue in a similar way 
to the moisture problem.  

The first step in assessing the problem is to analyze factors influencing adhesion. These 
include the roughness, humidity, moisture, surface tension, shape of the substrate, labelling 
temperature, and service temperature. In this case, water and the substrate – water – adhe-
sive interface are the central factors. [UPM Raflatac (1)] 

When these factors are known, improvements are suggested that could increase the adhering 
forces. A first brainstorm gave rise to three approaches: removing water, making use of the 
water and penetrating the water. 

1. The first strategy is to design ways to remove water. In this approach it is important to 
know the amount of water that can be pressed out actively when the label is applied, 
and how much water can be transported via other means (e.g. capillary action). In 
addition, porous adhesive can facilitate improved water permeation and transportation. 
Bimodal-distribution of pore sizes may be desirable, in which larger pores allow water 
to channel fast and the smaller pores can continue to remove water when the height of 
moisture layer on the substrate reduces to the nanometer range. Enhanced water per-
meability is usually achieved by either physically blending hydrophilic additions or 
chemically incorporating in the backbone, hydrophilic hydroxyl groups by modifying 
the crosslinked low molecular weight acrylic oligomers with substantial quantities of 
hydroxyl containing monomers.[Osburn 1984 (2); Berejka, 1994 (3); Kellen and Taylor, 
1988 (4)] Horizontal and vertical channels patterned onto the material, for instance, via 
chemical and surface patterning of the adhesive layer, can control the shape and loca-
tion of liquid entrained during a coating process. In addition, patterned superhydro-
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phobic coatings with optimized adhesive surface exposure to substrate may be of use. 
Zhang et al. illustrated on possible method to allow surface two-level patterning with 
two levels of opposite water affinities (Figure 1.) [Zhang 2007 (5)]. Furthermore, self-
assembly of block copolymers, such as acrylic adhesives functionalized with hydro-
philic ends of acrylic adhesives, can form water channels. 

 
Figure 1. Sequential patterning: (a) a polymer film is coated onto a substrate, and a primary 

imprint is made by pressing the polymer with a hard mold at a temperature above 
the Tg of the polymer and at an elevated pressure; (b) a second mold is aligned to 
the primary imprint and pressed at below the Tg of the polymer and at an elevated 
pressure; (c) a two-level hierarchical structure is created on the polymer film. 
Courtesy to Langmuir [Zhang 2007 (5)]. 

2. When a liquid, in this case water, is found between two surfaces, a capillary bridge is 
formed that holds together the surfaces by F(b): 

F(b) = 6πμR2 1
b

δb
δt  

 Because the force is proportional to the viscosity, µ, by increasing µ, F can be increased. 
It is know that solutes like sugars or hydrophilic polymers such as polysaccharides and 
polyelectrolytes can increase that viscosity of water by order of magnitudes. Therefore 
one of the proposals is to add polysaccharides (starch) on the surface that would 
dissolve in the water layer present and would in turn increase adhesion. 

3. Designing the adhesive to be able to penetrate the moisture layer is a possibility. Flock-
ing of microfibres and nanofibres which are subjected to electric field, and due to like 
charge repulsion, nanofibres will stand vertically on the surfaces of their attached mate-
rial and may be able to provide more penetration through the moisture layer compared 
to the nanofibrous structures on the surface of gecko's feet. 

Due to the short time span, one approach (1, removing the water) is worked out theoreti-
cally.  

Based on the calculations and subsequent suggestions, experiments are designed to test 
whether the proposed improvements show indeed the increase in adhesion.  

5. Theoretical analysis 

5.1 Why are moist surfaces more difficult to adhere to?  
A number of reasons are proposed to explain the phenomena of reduced adhesion on a moist 
substrate compared to a dry substrate.  

Firstly, assuming Van der Waals being the dominant adhesive force, the adhesive energy for 
two infinite half spaces is: 

E = A
12πD2  

- 5 - 
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with D being the distance between the layers, A the Hamacker constant and E the Van der 
Waals energy. When comparing typical Hamacker constants in air and in water, it is found 
that in water A is about 10 times smaller then in air, due to dielectric screening. [Isrealachvili, 
2011 (6)] 

The water is simply preventing the adhesive layer and substrates layer to come into close 
contact. Due to the high viscosity of water, after pressing the adhesive film, the amount of 
water left in the interface falls under the viscous regime, as the moisture layer approaches 
micrometer thickness. In this regime very high pressures (much higher then the typical 
applied pressure) are needed to remove the remaining water from the film to the edges in a 
typical time used to apply an adhesive.  

5.2 How much water is involved? 
Characteristics of the moisture layer forming on the substrate play a crucial role in the 
strength of adhesion. Understanding the speed of formation of the moisture layer and the 
thickness of the moisture with respect to time is fundamental to solving the problem. Water 
layer formation depends on ambient humidity, temperature, heat transfer, and nature of the 
substrate. However, calculations based on thermodynamics suggested that within 2.5 
minutes, the condensed water layer would be several millimeters. This was not in line with 
the value we found experimentally, by measuring the increase of weight of a tissue before 
and after wiping the surface of a 5oC stainless steel block with known area. In this case, the 
water film had a thickness of 3 µm. 

5.3 What does the substrate look like? 
Surface 
Equally crucial is the understanding of the roughness of the surface of the substrate. In this 
case the roughness and the length scale of the surface is 5 μm (data supplied by Avery 
Dennison). In addition, the homogeneity of the substrate surface is important. For heteroge-
neous surface with micro protruding surfaces, the effective contact of water and the substrate 
is very small, thus water droplets have high mobility and slide off.  

Bulk material 
Conventional non-water permeable non-water soluble acrylic-based PSAs 
Conventional non-patterned non-water-permeable Acrylic-Based PSAs display compensated 
adhesion due to water vapor accumulation at the adhesive and substrate interface. The rate 
of water permeability in a solid is a function of temperature, viscoelasticity, the size of the 
particles and the crosslink density of the adhesive. According to the classic model by 
Vanderhoff et al., the diffusion of water vapor in the adhesive moves through a layer of con-
tinuous polymer, either via capillary channels between the deformed spheres or through the 
polymer itself. This process is very slow [Vanderhoff et al. 1973 (7); Kajtna et al. 2008 (8)]. 
Water will generally not penetrate micro porous film due to the fact that the microscopic 
openings are too small (approximately 25 µm) to overcome the surface tension of water to 
permit water penetration. [Murphy, 2005 (9)] 

Enhanced water permeable non-water soluble acrylic-based PSAs 
Nonporous acrylic-based PSAs with enhanced water permeability have long been achieved 
by either physically blending hydrophilic additions or chemically incorporating in the back-
bone, hydrophilic hydroxyl groups by modifying the crosslinked low molecular weight 
acrylic oligomers with substantial quantities of hydroxyl containing monomers. [Shah et al. 
1982 (10); Berejka. 1994 (3); Kellen and Taylor 1988 (4)] 

Continuous non-porous 25µm thick coatings of an acrylic-based PSA including a type of 
alkyl acrylic copolymer PSA, which is similar to a typical type of materials used in Avery 
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Dennison with comparable coating thicknesses, exhibit water vapour transmission rates of 
greater than 1000 - 1600 g/m2/day at 40°C [Shah, 1982, 1985 (11)], an equivalent of 15 nm/s at 
40°C for the upper boundary value stated here. 

Porous acrylic-based PSA 
In addition, one of our ideas included modifying porosity, which can be introduced to fur-
ther enhance water transport, by crosslinking additions to form pores within the adhesive. 
This aspect is not discussed in this chapter as our focus of the approach is by patterning 
water transport channels within the adhesive instead of using porous adhesives. 

5.4 Capillary action 
Water that is condensed onto a cold surface can be excreted through pores that are applied 
through the adhesive layer and face material. There are several mechanisms that can be con-
sidered promoting the excretion of water in our system. One is by applying an external pres-
sure, which is considered in the next paragraph. Secondly, capillary pressures can results in a 
net flow towards the pores. In this paragraph the capillary pressures are being evaluated.  

The system is considered as a water droplet, of width R, that is confined between two planes, 
separated by distance d and having a contact angle (θ1). In the upper plane a capillary, with a 
radius r, is connected to the confined droplet. The water from the droplet is allowed to creep 
up into the capillary. The water level in the capillary is described length L en the surface of 
the capillary has contact angle of θ2 with water. Figure 2. shows a cartoon of the system.  

 
Figure 2. Schematic depiction of a water film between a substrate and a layer with pores. 

Capillary pressure is expressed by the following formula: 

ΔP = 2γ cosθ1

r
−γ 2cosθ2

d
− 1

R
⎛
⎝
⎜

⎞
⎠
⎟− ρgL + 2γ sinθ2

R
 

For a continuous layer, R goes to infinity and so the fourth term can be neglected. However, 
if the condensed water layer consists of small droplets in the order of the size of the capillary 
all terms have to be taken into account. 

The origin of the equation is from the balance between the capillary pressure acquired from 
all of the surfaces of water and the pressure of capillary related to its mass.  

Four variables (L, P, r, R) in the upper equation make it quite nontrivial to analyze and con-
cerning this, the following assumptions were made: 

L is taken as the thickness of the adhesive layer. Hence it is the maximum height on which 
the flow should be taken. If the pressure P is positive when the water has reached the end of 
the capillaries, then the flow is directed inside the capillaries and contributes to decreasing 
the thickness of the water layer. The capillary size is taken between 10 μm and 50 μm (which 
complies with the experiment), and the size of the droplet is taken as no smaller than the 
radius of the capillary but not bigger than the spacing between two capillaries when they are 
placed in a lattice. The layer thickness d is expressed in the measures of the capillary thick-
ness, r. From considering the example with the flat capillaries, one can estimate that r=d cor-
responds to the critical value of the thickness. 

- 7 - 
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(Note that this explains why the use of parallel channels does not suffice to get rid of the 
water: due to this capillary pressure (r>d), water flows back from the channels to the water 
film between the substrate and the adhesive) 

Further the demonstrations are made in order to investigate the connection of the sign of P 
depending on d, r, and R. For this purpose the contour plot is used (Figure 3.), which shows 
that for the relative thickness of the layer around the size of the droplet, all of the parameters 
of the system should be taken into account in order to estimate the optimal configuration 
which is necessary for the water to go inside the capillaries and the absence of the leftover 
water layer between. Two possible states are as follows: upon placing the adhesive, the water 
goes inside the capillary and when the sides of the droplet are touching the walls of the cap-
illary, due to increased capillary pressure difference, the water goes in. The second unfa-
vourable option is that the thickness of the water layer, d, gets smaller than r. Which of the 
above situations prevails, depends on the parameters of the system.  

 
Figure 3. Level of the pressure depending on the capillary size and the size of the droplet. The 

red line is the level on which the pressure difference is 0, and the thickness of the 
water layer is related to the size of the capillary as 0.9. 

Concluding, the capillary pressure plays a role for thin layers of water, but primarily when 
designing the capillary surface, the volume conservation should be taken into account and 
then the capillary affect should be considered. 

5.5 Transport of water via pores 
Many creatures in nature are capable of adhere to surfaces even under dry conditions. It is 
common that the type of surfaces to which these organisms stick are very extensive, ranging 
from stones to trunks in the trees. All of them rely on the principle of maximizing the effec-
tive contact area with the surface via secreting a liquid-like substance, patterning its own 
limbs or a mixture of those.  

In the case of wet surfaces a counterintuitive phenomenon is found in nature, more specifi-
cally in the toes of tree frogs [Persson, 2007 (11)]. Their toe pad consists of a hexagonal-like 
network of channels which at the same time contain an inner (smaller) network of hexagonal 
pillars. This type of pattern in the contact area should reduce the adhesion between dry sur-

- 8 - 
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faces proportional to the voids left by designing such structure. Nevertheless, when water is 
added to the interface those channels and the space between pillars result in a effective 
drainage system that eases the squeeze out of the liquid.  

Based on the principle of the toe pad of the tree frog we have designed a biologically 
inspired alternative. This idea is as simple as to pierce all the way through the adhesive with 
microscopic pores. We considered the adhesive fully perforated because it is required to 
expel the water out the interfaces permanently in order to maintain longstanding adhesion, 
something that is undesirable for the tree frog.  

The transport of water via pores can be calculated using the modified Navier-Stoke equation 
for thin films [Landau, 1987 (13)]. Only the flow in the radial direction is evaluated: 

12μ
h3

δh
δt

− 1
r

δ
δr

r δ p
δr

⎛
⎝
⎜

⎞
⎠
⎟ = 0  

(a) (b) (c)  

Figure 4. Schematic drawing of calculated geometry; water is squeezed out via the capil-
laries(a) or via the open sides (b). In (c), scheme showing the upside view relating 
both (a) and (b) system dimensions. 

Here h is the thickness of the water layer, µ is the viscosity of the liquid (in this case water) 

and p is the pressure along the liquid. We can ignore the dependency of δh
δt

 with r, by assu-

ming that the plates involved are sturdy. In this manner it is possible to integrate it to obtain 
δ p
δr

: 

δ p
δr

= 6μ
h3

δh
δt

r − R1
2

r
⎛

⎝
⎜

⎞

⎠
⎟  

in which R1 stands for the outer radius of the water layer. We have also used the fact that the 

pressure variation at the outer edge (far from the capillary) is negligible, so δp
δr R1

= 0 . 

Integrating one more time results in 

p− p0 = − 6μ
h3

δh
δt

R1
2 ln r

R0

− (r 2 − R0
2 )

⎡

⎣
⎢

⎤

⎦
⎥ . 

In which R0 is the radius of the capillary and the boundary condition assumed is that the 
pressure at the capillary is p0. In our assumption the net force applied on the system was 
constant so that the distribution of the pressure over the area is given by: 

- 9 - 
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Fz = (p− p0 )r dr dθ = −12πμ
h3

0

2π

∫ δh
δt

D(R0, R1)
R0

R1

∫  

in which D is equal to: 

D(R0,R1)=R4
1

2
ln R1

R0

− R2
1−R0

2

2
⎛

⎝
⎜

⎞

⎠
⎟

2

−R1
2

R1
2−R2

0( )
4

. 

From the previous equation is possible to find the rate at which the thickness of the water 
layer varies: 

δh
δt

= −
Fz

12πμD
h3 . 

This equation allow us to calculate the rate at which water squeezes out through the capil-
laries when an applied force acts pushing both plates against each other. In our experiments 
we were able to perforate around 800 holes of nearly 10µm in 645 mm2. Roughly, that situa-
tion is equivalent to have R1 = 1 mm and R0 = 25µm.  

Similar calculations have been performed for the squeezing out of the water via the sides 
from two parallel plates, see Figure 4b. This resembles the situation for Avery Dennison, 
where a label without any pores is applied to a substrate. The time scaling behavior of this 
situation is similar to the previous calculations, but with different constants, depending on 
the geometry. 

δh
δt

= − 2Fz
3πμR4 h3 . 

Where R = the radius of the label, in the order of 1cm. The main difference between the 
squeezing of the water with and without capillaries is how the rate at which the water layer 
is drained out can be controlled not only by applying a greater force but also by tuning the 
ratio of . We must be aware that by increasing the diameter of the capillaries reduces the 

net area of contact between the substrate and the polymer (reducing adhesion) therefore the 
optimum values for the ratio  will be obtained when also the compromise adhesion are 

taking into account. 

To give an indication of the time developments for both situations, a round label with a 
radius of 1 cm has been compared with and without capillaries. During a sturdy thumb 
press, a force of 50N can be applied, which corresponds to ca. 1Pa. For the label with capil-
laries only the situation between capillaries is calculated and to get a similar force over entire 
label, also a pressure of 1Pa has been applied in this situation. The results are shown in 
Figure 5. It is clear that for similar overall forces, it takes much longer for the label without 
capillaries to reach a 7µm decrease from a initial water film of 10µm, a thickness of the water 
film comparable to the roughness of the surface (5µm). It can thus be concluded that the 
capillaries help to reach thinner water layer under the label at normal pressing forces and 
typical label sizes. 

- 10 - 
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Figure 5. Time scales involved in pressing out water through open sides or capillaries. 

It is also worth to notice that the total storage capacity for the capillaries is much smaller 
than the water that will be drained out. So for the case in which the adhesive layer has a 
thickness of 20µm, we encounter that in a pinned adhesive with the dimensions given previ-
ously, the maximum volume of water that can be stored in the capillaries is 1.5 .10 -12 m3. This 
value is 500 times less than the volume of water squeezed out when the layer is reduced in 
1µm. Therefore the capillaries must either by made all the way to the free surface, where 
water is able to evaporate, or an absorbance layer must be used, to store the water. 

6. Experiments 
We have conducted experiments to check our theoretical findings concerning several adhe-
sive layer modifications that could improve sticking to wet surfaces. 

6.1 Materials and methods 
Set-up 

 

b) 

c) 

a) 

Figure 6. Schematic drawing of the experimental setup. 

The experimental setup is presented in Figure 6. The lower, stationary part of the setup con-
sists of a stainless steel stage (Figure 6a) constantly cooled by a water flow. The temperature 
of the block is kept at 5°C. The block is exposed to the environment of the lab, which is 20°C 
and 50% relative humidity. Since the temperature of the block is below the dew point, the 
surface of the block is covered by a layer of condensate. We have experimentally estimated 
the thickness of the water layer to be 3μm by measuring the increase of the weight of a tissue 
after wiping the stainless steel block.  

- 11 - 
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The upper part of the setup can be moved in the vertical direction. It consists of a sensitive 
force measuring device (Figure 6b), to which a loop of adhesive tape can be attached 
(Figure 5c). 

Samples with different surface modifications 
The reference sample used was polypropylene face/general purpose acrylic emulsion/filmic 
liner. This is a common laminate used for labels, it is not specifically formulated to absorb 
water or such. 

The types of surface modifications that we have applied to this adhesive are presented in 
Figure 7. Figure 7c and 7d show the top and the side view of the adhesive layer modified 
with groves in a square pattern. We have used two different pitches of 1 mm (sample name 
is 'Large grooves') and 200µm (sample name is 'Fine grooves').  

In Figure 6c and 6d the top and the side view of the adhesive with through-holes is shown. 
The measured sample had an average hole diameter of 50µm and an average distance 
between holes of 1 mm. The holes are not arranged in a regular pattern. The sample with 
holes and no further modifications is called 'Holes'.  

Figure 7e and 7f show the modifications of the sample with holes that we have used in the 
measurements. The former is covered with a hydrophobic layer on the part of the adhesive 
which comes in contact with the surface. The latter has an absorbing layer (paper) on top of 
the holes (sample name is 'Hole with absorbant'). This last sample also consists of a different 
adhesive layer. 

 
Figure 7. Schematics of adhesive modifications used in the experiments. a) and b) show the 

top and the side view of the samples with the groves in the adhesive layer, forming 
a square pattern. The pitch is denoted by α . c) and d) represent the samples with 
holes going all the way through the adhesive film, β is the average distance between 
the holes. e) shows an adhesive film similar to c) and d), but the part of the film 
which comes in contact with the substrate is covered by a water-repelling layer 
(gray rectangles). f) is similar to c) and d), but with an adsorbing layer on top 
(yellow rectangle). 

- 12 - 
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Method 
The experiment is conducted in the following way. A loop of adhesive tape (120*20 mm) is 
attached to the force sensor while the latter is retracted 100 mm above the surface of the 
stage. Then the force sensor is moved to 25.4 mm above the surface, such that the loop makes 
contact of approximately 26*20 mm2 with the surface for the samples without absorbant. The 
adhesive tape loop can be left in contact with the surface for a certain amount of time, during 
which a pressure to the contact area can be applied. Then the force sensor is moved upwards 
and the maximum pull-off force is measured. After each test the stage is wiped with a tissue. 
After this drying, condensation is allowed to proceed for 2.5 minutes. It is assumed that this 
results in a reproducible film thickness. The sample is brought in contact with the stage 
before the first test. Before each measurement, the baseline is put to 0. 

Three different tests are done: pull-off without waiting time (in duplo), pull-off with a delay 
time of 3 seconds and quickly pressing (< 1s) the sample (in duplo), and pull-off with a delay 
time of 100 s and 80 s of pressing. Pressing is done by applying a force of approximately 3 kg 
over an area of 18*24 mm (6.8 kPa).  

6.2  Results and discussion 
The maximum pull-off force for five samples and during the three test methods is shown in 
Figure 8. 

 
Figure 8. Maximum pull-off force of the five samples during no delay time and no extra 

pressure (blue), 3 s delay time and less than 1s additional pressure (red) and 100 s 
delay time and 80s additional pressure (green). 

The sample to which the hydrophobic layer is applied, is left out. The hydrophobic layer 
stuck to the stage, thereby disrupting the condensation of a water film. Therefore, we could 
not measure this sample multiple times. 

The grooves decrease the maximum pull-off force compared to the reference in all three 
cases. This is in line with our theory as discussed in Chapter 5.4; channels do not contribute 
to water transport outside of the label, and the dimensions are too small to hold all the water. 
The channels thus only effectively reduce the contact area. 

The two samples with holes all the way through show a decrease in pull-off force when no 
extra pressure is applied. Apart from the difference in adhesive material, this can be due to 
reduction in contact area, since punching the holes manually (as we did) can increase the 

- 13 - 
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surface roughness. Also, the absorbant was very stiff, so the sample with the extra layer 
hardly touched the stage. The increase in stiffness can also explain the decrease in maximum 
pull-off force compared to the sample with holes and without the absorbant, since it may 
reduce the actual contact area. It is recommended to repeat the test with a non-absorbant 
layer with the same stiffness as the absorbant and with the same adhesive material. 

After applying extra pressure, the samples with pores show increase in pull-off force, even 
after pressing shortly. This increase is considered to be significant. We can therefore say that 
we have the proof of principle that holes in adhesives show better adhesive properties to wet 
surfaces than adhesives without holes, or adhesives with channels. 

Concerns of the absorption layer: 
The absorption layer acts as a reservoir for water. Initially, moisture from the channels in 
contact with the absorption layer penetrates rapidly from the adhesive layer; however, the 
speed of transport of the moisture flow through the absorption layer is a variable which 
needs to couple to the water transfer rate from the channels to the absorption layer. If the 
former is not at least at an equal speed, higher moisture content will form near the absorp-
tion-adhesive interface. Eventually, when the moisture concentration in the channels drops, 
the driving force for moisture transport from the channels to the absorption layer reverses 
and moisture may transport back to the channels unless the channels can ensure unidirec-
tional movement. At long times the moisture concentration profile in the adhesive layer 
should approach a pseudo-steady state profile.  

7. Conclusions and outlook 
The reasons for the lowered adhesion on surfaces with water condensation were contributed 
to weakened Van der Waals forces across water compared to air and the thin moisture layer 
preventing good contact between the adhesive and the subtract. Approaches to remove, use 
and penetrate the moisture layer were proposed. This work focused on proposals for water 
removal and the case was analyzed theoretically and tested experimentally. Characteristics 
of the moisture layer and factors influencing water condensation on the substrate were 
studied. The thickness of moisture formation for a typical duration of 150s was investigated 
and theoretical calculation indicated thickness in the range of several millimeters, which is in 
disagreement with the experimental result of 3 µm. The reasons for this disagreement should 
be further investigated. In addition, properties of the substrate were investigated for possible 
ways to influence adhesion. Surface roughness, surface homogeneity, water permeability, 
substrate porosity, optimum porous geometry such as horizontal or vertical channels and 
pores, and the capillary action and transport of water through vertical pores in an adhesive 
were studied. Theoretical calculations for a 20µm thick adhesive layer of 645 mm2 surface 
area with 800 holes of 10µm diameter, showed that the maximum volume of water retainable 
in the capillaries is 1.5 10-12 m3. This value is 500 times less than the volume of water squeeze 
when the layer is reduced to 1µm. Experimental data showed that adhesives with pores (50 
µm diameter, 1 mm spacing) have a larger pull-off force on wet surfaces after applying pres-
sure than adhesives without pores. Future work on the pores and the proposed alternative 
strategies, such as addition of polysaccharides, electrolytes, nanofibres, functionalized 
superhydrophobic and superhydrophilic patterns of the adhesive layer to improve adhesion 
performance on moist icy surfaces may be beneficial. 
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1. Abstract 
Three different approaches to calculating the electric potential in an inhomogeneous dielec-
tric next to vacuum due to a charge distribution built up by the electron beam are investiga-
ted. An analytical solution for the electric potential cannot be found by means of the image 
charge method or Fourier analysis, both of which do work for a homogenous dielectric with 
a planar interface to vacuum. A Born approximation gives a good approach to the real elec-
tric potential in a homogenous dielectric up to a relative dielectric constant of 5. With this 
knowledge the electric potential of an inhomogenous dielectric is calculated. Also the electric 
field is calculated by means of a particle-mesh method. Some inhomogeneous dielectric con-
figurations are calculated and their bound charges are studied. Such a method can yield 
accurate calculations of the electric potential and can give quantitative insight in the charging 
process. 

A capacitor model is described to estimate the potential due to the charge build up. It des-
cribes the potential build up in the first microseconds of the charging. Thereafter, it seems 
that more processes have to be taken into account to describe the potential well. This poten-
tial can further be used in a macroscopic approach to the collective motion of the electrons 
described by the Boltzmann transport equations or a derived density model, which can be a 
feasible alternative approximation to the more commonly used Monte-Carlo simulation of 
individual trajectories.  

2. Company profile 
FEI Electron Optics BV, part of FEI Company, develops, produces and sells tools for nano-
technology, focusing on electron microscopy and focused ion beam equipment. Main mar-
kets are research institutes and industries in the areas of nano-technology, nano-electronics 
and nano-biology. Products include TEMs, scanning electron microscopes (SEMs) and equip-
ment with both a FIB and a SEM column (DualBeam). Annual turnover of the company is 
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around 700M$. Strategic growth areas include the Life Science market, and soft-materials 
research. 

3. Problem description 
In scanning electron microscopy, a primary electron beam is scanning the surface of the sam-
ple of interest, using landing energies ranging from 50eV to 30 keV. In response, the sample 
releases secondary electrons (SEs) and some of the primary electrons are also scattered back 
(BSEs). At FEI there is an increasing focus on modeling the beam sample interaction, because 
increased understanding of the images created by the electron microscope is needed to ob-
tain more, reliable information from samples which are often difficult to image. For calcu-
lating amounts of SEs and BSEs a sophisticated Monte Carlo program is used. This simula-
tion works well, but difficulties arise when parts of a sample are non-conductive, like in 
polymers, solar cells or biological samples. Tracking all the holes and electrons that are gene-
rated and remain in existence for a significant time makes the calculation of non-conductive 
samples excessively time consuming. 

For this reason we are also looking at different, more macroscopic, semi-analytical models. In 
this model we need expressions for the field of charged spheres. For the field of a charged 
sphere in an otherwise uniform space of infinite dimensions the expressions are known and 
simple, matters get complicated near material boundaries.  

In one case, the uniform space is closed at one side by an interface characterized by a change 
in electrical permeability (εr ) (In an extreme case, this interface can be regarded as a conduc-
tive layer). Here we can still find a reasonably simple expression, via the introduction of a so-
called 'mirror charge'. So far, it is relatively easy. This is well described in for instance: 
J.D. Jackson,' Classical Electrodynamics, second edition', ISBN 0-471-43132-x, section 4.4 
(1975). 

non-conductive area 

interface 

charged sphere, whose 
field is to be calculted in 
the non-conductive area. 

mirror charge, 
with opposite sign 

 
Figure 3.1 Calculating the field of a charged sphere, via the concept of a mirror charge. 

The situation becomes more difficult when one also has to deal with interfaces in the hori-
zontal direction, but that is just where the samples get interesting. Then one has to deal with 
many more mirror charges, as the mirror charges themselves also get mirrored again, as 
shown in Figure 3.2. This leads to an, in principle unlimited, series of charges. Most likely, 
this series will converge, but can it also be expressed in a new and simple analytical expres-
sion that can be evaluated without consuming too much computation time? 
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mirrored at lower conductive layer 

lower interface 
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Figure 3.2 Calculating the field of a charged sphere, in case of two parallel horizontal inter-

faces and a third, perpendicular, interface, via the concept of a mirror charges. 
Characteristic for the problem is that the mirror charges themselves also get mir-
rored again. 

In conclusion, having easy to use semi-analytical expressions for these cases would be of 
great help. 

4. Problem solving strategy 
The problem is split up into two parts. In the first part (chapter 5) we try to calculate the 
electric potential for an inhomogenous dielectric. In the other part (chapter 6) we concentrate 
on the influence of the electric field on the diffusion of the electrons in the dielectric and their 
influence on the electric potential in the dielectric. 

For the calculation of the electric potential three different approaches are considered. The 
first one relies on the Born approximation where the potential generated by the bound char-
ges is considered as a disturbance to the system consisting of the free charges originating 
from the electron beam in free space. After that the particle-mesh method is considered as a 
possibility to calculate the electric field in an accurate and fast way. Finally analytical expan-
sion methods are explored. 

In chapter 6 we look at two methods to investigate the interaction of the electrons with the 
potential in the dielectric and their drift and diffusion under influence of this time-varying 
potential as an alternative to the Monte-Carlo simulations. First of all this is dealt with in a 
so-called capacitor model. The idea behind this approach is to look at the charging process as 
a capacitor. In this way quite a simple expression of the potential can be calculated, which 
can also be used in the macroscopic approach of chapter 6.2. In this approach the collective 
motion of the electrons is described by the Boltzmann equation which would provide an 
approximation towards understanding the behavior of the electrons which complements the 
computationally intensive results obtained by the Monte-Carlo simulations. Another alter-
native would be a density or hybrid approximation for the electron dynamics. 

5. Calculation of the electric potential  
This chapter focuses on the calculation of the electric potential caused by the charge imple-
mented by the electron beam and the induced charge due to these electrons in the dielectrics. 
First the Born approximation is considered in paragraph 5.1 and compared with exact results 
of the potential of a known configuration. After that, the method is applied to a more com-
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plex configuration with different dielectric constant values. In paragraph 5.2 the concept of 
the particle-mesh method is explained after which the electric potential of a few configu-
rations is calculated and discussed. At last, in paragraph 5.3 an exact analytical solution for 
the electric potential is searched for by means of a Fourier analysis.  

5.1 The Born approximation 
Assuming that the dielectric has a linear response to the electric field, the Poisson equation 
can then be written as: 

 . 5.1.1 

Here ρf is the distribution of charges in the specimen, both the trapped primary charges and 
the charges induced by the beam. By subtracting  from both sides we get after some re-
arrangements:  

 ,  

   

 , 5.1.2 

where . 

Then we split the potential into two parts; one caused by the 'free charge', which is the same 
charge distribution as above but taken in vacuum, and one caused by the 'bound charge', 
which is the remaining correction term due to the dielectric. That is: 

 , 5.1.3 

and 

 . 5.1.4 

Comparing this expression with the equations written above, we can write the potential 
caused by the bound charge as: 

  5.1.5 

We know how to solve the potential for the free charge as that is the charge that comes from 
the electron beam in a homogenous medium. Formally, we can solve the potential for the 
bound charge in exactly the same way:  

 . 5.1.6 

In the Born approximation it is assumed that the potential caused by the bound charge is 
small so that the potential in the integral can be replaced by Vfree. Then everything in the in-
tegral is known and the potential of the bound charge can be estimated in this way. If the 
estimation is not accurate enough one can substitute a new potential in the integral of 
equation 5.1.6: V=Vfree+Vbound where Vbound is the potential calculated from substituting Vfree in 
the integral of equation 5.1.6. This can be continued till the series is converging. 

Remark: It might be worthwhile to reverse the procedure, namely to calculate the unper-
turbed solution in the dielectric rather than in the vacuum and to take the vacuum as a per-
turbation, but this has not been tried in the course of the week. 
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5.1.1 Comparison of different dielectric values 
To evaluate the usefulness of the Born approximation, we first focus on one single interface 
as depicted in Figure 1. because for this configuration exact solutions already exist. This 
makes it easier to compare and evaluate its validity. 

z 
 

ε0 

x 
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Figure 5.1 The used configuration to investigate the usefulness of the Born approximation  

A point charge is set in the dielectric with permittivity ε1 at coordinates (0, 0, -1) (the white 
point in Figure 5.1). Here the origin is taken at the midpoint of the configuration. The permi-
vitities are taken relative to the vacuum. With Mathematica the electric potential is calculated 
for the exact solution obtained through the image charge method, for the electric potential 
with the point charge in free space and for the electric potential calculated by means of the 
Born approximation. By plotting the potential in vacuum it is seen that the potential is 
almost zero at the points -5 and 5 in all directions. Integrating in a larger domain is only 
noticeable in the third decimal of the value of the potential on a certain place. Therefore the 
integration is from -5 till 5 in all directions. In Figure 5.2 two plots are shown in which we 
plot the potential as a function of the z coordinate following the line (1,0,z). The left plot cor-
responds to a permittivity ε1 = 1.5 (where here and elsewhere we take ε0 = 1), while the right 
plot corresponds to ε1 = 5. The top (dashed) line shows the exact solution, the middle (solid) 
line the result of the Born approximation, and the bottom (dotted) line the zeroth order 
result, in which the dielectric boundary is neglected. We see that for ε1 = 1.5 it is a very good 
approximation to the exact result. For higher value ε1 = 5, the difference with the exact solu-
tion increases, but still the Born approximation gives a much better result than the zeroth 
order curve.  

 

 

 

 

 

 

 

 

 

Figure 5.2 The potential in the dielectric setup Figure 5.1 as a function of the z coordinate fol-
lowing the line (1,0,z). The left plot corresponds to a permittivity ε1 = 1.5, the right 
plot to ε1 = 5. The top (dashed) line shows the exact solution, the middle (solid) line 
the result of the Born approximation, and the bottom (dotted) line the zeroth order 
result, in which the dielectric boundary is neglected. 

ε1 
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Next, we consider the dielectric setup shown in Figure 5.3. An extra dielectric interface is 
added in the lower region and the point charge is located at (0,0,-1) to the left of it.  

 

ε0 

ε1 ε2 

x 

z 
 

 

 

 

 

 

Figure 5.3 The dielectric setup with an extra dielectric interface.  

In Figure 5.4 two plots are shown in which we plot the potential as a function of the z coordi-
nate following the line (0,0,z). The left plot corresponds to a permittivity ε1 = 1.5 and ε2 = 2, 
while the right plot corresponds to a ε1 = 1.5 and ε2 = 6.5. The bottom solid line shows the 
result of the Born approximation for this system. The top (dotted) line shows the potential of 
the dielectric setup of Figure 5.1, with ε1 = ε2 = 1.5 for comparison. We see that the potential is 
decreasing for a higher ε2 value, which is caused by the induced negative charge at the extra 
interface between regions 1 and 2. Thus, we see that also for this system, the results of the 
Born approximation are very reasonable. 

 
Figure 5.4 The potential as a function of the z coordinate following the line (1,0,z). The left 

plot corresponds to a permittivity of ε1=1.5 and ε2=2, while the right plot corre-
sponds to ε1=1.5 and ε2=6.5. The bottom solid line shows the result of the Born 
approximation for this system. The top (dotted) line shows the potential of the 
dielectric setup of figure 5.1, with ε1= ε2=1.5 for comparison. 

5.2 Numerical methods for the computation of the electric field 
There are many numerical methods to obtain the electric field (or equivalently, the electric 
potential) of a given charge configuration. If the charges are represented as particles, the 
most direct methods sum the contributions of the individual particles to obtain the electric 
field at some point. It should be clear that such an approach becomes very expensive when 
the number of particles increases, and they should mostly be used when close range inter-
actions need to be resolved accurately.  

An alternative to the direct methods is to use a particle-mesh or particle-in-cell (PIC) method. 
With such a method one first maps the particles to charge densities on a mesh, after which 
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the electric potential is computed (given some boundary condition) and from that the electric 
field. Particles can still be simulated individually, but they now move in a field computed 
from the charge density. Interactions over a distance comparable to the mesh spacing might 
not be resolved accurately in this way, but for many applications these do not contribute 
significantly to the overall behavior. If close range interactions are important one can work 
with a P3M method, which combines the particle-particle interaction at close range with a 
particle-mesh method.  

5.2.1 Particle-mesh method 
To simulate the charging of samples due to the scanning electron beam, we suggest a parti-
cle-mesh method, as the number of charged particles in the samples will typically be quite 
large and close range interactions seem not to be crucial for the charging process, except for 
detailed trajectories of single particles. Depending on the required accuracy one first has to 
choose a type of mesh. Then the Poisson equation can be solved on this mesh with some 
boundary condition, and the electric field is obtained by taking the numerical gradient. For a 
practical simulation it would probably be best to recompute the electric field only after N 
electrons have landed from the beam, where N is chosen such that the beam deposits a sig-
nificant amount of charge in this interval. 

There are many algorithms available to compute the potential, and the choice of algorithm 
typically depends on the type of mesh used and the boundary conditions, see for example 
chapter 6 of 'Computer Simulation Using Particles' by R.W. Hockney and J.W. Eastwood [1]. 
If the domain contains materials with different dielectric constants or has a non-rectangular 
geometry the so-called fast solvers (based on cyclic reduction and the fast Fourier transform) 
can usually not be used. Methods based on mesh relaxation are more flexible in this regard, 
as are finite element methods. When one wants to simulate the charging of the sample 
together with the beam interaction, performance is essential. We therefore suggest that a 
multigrid method with adaptive grid refinement and special treatment of the dielectric 
interfaces could be used, see for example Deng et al. [2]. They also describe a different 
method for the case where all the dielectrics are rectangular, which uses a fast solver on the 
rectangular subdomains and an iterative procedure to match the boundary conditions 
between the subdomains. 

Although there is a lot of literature on algorithms for solving the Poisson equation, there 
seem to be no codes available that fulfil all the requirements described above. The develop-
ment of such codes is far from trivial, and therefore we have developed a simple relaxation 
method during the week, to demonstrate the principles and also get some physical insight. 
We started out with successive over-relaxation on 2D and 3D Cartesian grids and a Dirichlet 
boundary condition. See Figure 5.5a for an example of the computed potential in 2D. It can 
clearly be seen that the positive charge induces a negative surface charge on the dielectric, 
see Figure 5.5b where we show the polarization charge for a different configuration. 

The change in dielectric constant cannot be more than about a order of magnitude, or else the 
iteration becomes unstable. We have also worked with a simple multigrid algorithm, in 
which we saw that the rate of convergence depends on the location of the dielectric boun-
dary. This illustrates that special treatment of the interfaces is required to have a fast and 
stable method. 
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 b) a) 
Figure 5.5 a) The potential due to a positive point charge in vacuum next to a dielectric (at 

the same location as the black dot in b)). The relative dielectric constants are shown 
in the top right. Clearly the positive charge induces a negative polarization charge 
on the dielectric interface, which significantly lowers the potential in a large part 
of the domain. The boundary was grounded in this calculation. b) The polarization 
charge density induced by a positive point charge (the black dot). It can be seen 
that the sign of the induced polarization charge depends on whether the dielectric 
constant increases or decreases along an interface. 

5.3 Analytical solution to Poisson equation 
One classical way to solve Poisson equation is to expand the potential by using a complete 
set of functions as a basis and finding the appropriate coefficients which satisfy the boundary 
conditions. We decided to use a continuous basis in the Cartesian representation and there-
fore we wrote the potential in three different parts like this: 
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where ΦP  is the potential of the point charge. Here the configuration and the coordinate 
axes are the same as in Figure 5.3 but the three dielectric regions are numbered 1, 2, 3 instead 
of 0, 1, 2. 

We have three boundaries and six boundary conditions, which are: 
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by using the equations for the boundary between regions 2 and 3 we could derive this rela-
tion: 
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where  are related to the Fourier transformations of the Bessel function by: 1, ffo

 fo = dye− ikyy q
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 5.3.11 
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The next step is to use these relations in the boundaries between 1,2 and 1,3, but because at 
the boundary of 1,2 x is negative and in 1,3 it is positive, we cannot take the inverse Fourier 
transformation and also we could not eliminate  from the equation, so we could not 
solve the problem analytically .We also tried some other expansions by using an infinite and 
countable basis, but they also failed.  

11, BA

6. Potential development due to charging and electron 
motion in a dielectric 

This chapter deals with the development of the potential due to charging and the motion of 
the electrons in the dielectric itself. In the first paragraph a capacitor model is discussed 
which deals with the charge distribution as a spherical capacitor. Next, the collective motion 
of the electrons is discussed by means of a Boltzmann equation which has the potential to 
lead to an alternative method for calculating their distribution to the Monte Carlo simula-
tions usually encountered in literature. Another alternative would be a density model 
derived from moments of the Boltzmann equation.  

6.1 Capacitor model 
The energy of the primary beam influences the range of the electrons in the medium as fol-
lows: 

 
,

1
)(

65.1

⎟
⎠
⎞

⎜
⎝
⎛=

eV
EER PE

PE ρ
β  
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where, for silicon, β=0.76x10-9 kg/m2 and ρ=2330 kg/m3. The range for electrons with EPE=15 
keV in Si is therefore about 2.5 μm. 
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The yield of the secondary electrons also depends on the primary beam energy as 
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where ξ=90 [eV/escaped SE] and λ=2.7x10-9[m]. This is calculated to be 0.006 for the case of 
Si and an energy EPE=15 keV. The yield of the back-scattered electrons is a constant, η=0.2. 

6.1.1 Capacitor model for a single pixel 
At a fixed beam position, the positive charge is created mainly below the surface at about 17 
nm. The positive charge originates from the fact that the generated secondary electrons leave 
the sample. The primary electrons drift and diffuse into the sample over a mean distance R 
and tend to become deposited in a half circular shape at a distance R under the surface. The 
typical sample thickness d is 200 µm. This situation is schematized in the following Figure: 

PE 

 

Positive charge of δ-e 

 R~μm 
~200 μm 

Negative charge of (η-1)·e 

 

Grounded 
sample holder 

Figure 6.1 Sketch of the charge build up in a dielectric on a sample holder exposed to an elec-
tron beam due to the electrons originated from the beam.  

Since R is so much smaller than d, it is safe to say that all charge is deposited at a distance d 
from the sample holder, which is at ground potential. Even if the configuration look like a 
dipole, it is interesting to approximate the geometry as the charge has been deposited in a 
spherical shape. Under those circumstances the charged area (also called the interaction 
volume) can be seen as a spherical capacitor at a distance d from a grounded wall, at the 
bottom of the sample.  

The capacitance of a sphere with a radius r=R/2 is given by the following formula, where 
D=d/r [3] : 
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The series converge well, if truncated after n=3, to F, for the dielectric con-
stant of silicon (εr= 11.9). 

15107.1 −⋅≈wC

The voltage in a capacitor follows this relation [3] 

 
 
V (t) =

Q(t)
C , 

6.1.4 
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where V is the voltage, C the capacitance and Q the charge. The time-dependent charge can 
be written as: [3] 

  Q(t) = I(1−η −δ)t, 6.1.5 

with I the intensity of the beam and t the dwell time. This charge Q is the net negative charge 
in the sample. The following Figure shows a plot of the voltage versus the dwell time, for the 
case of a spherical capacitor with a beam current of 1 nA. 

  
Figure 6.2 Voltage versus dwell time for a spherical capcacitor with a beam current of 1 nA 

calculated with the help of formulas 6.1.5 and 6.1.6 for the case of Si. The voltage is 
negative.  

This exercise can show that in a typical dwell time a potential of 5 V can build up in a typical 
measuring point (one pixel). This potential can influence the trajectory of secondary electrons 
of few eV energy. 

This voltage decays in time, similarly to a RC circuit. But in order to get the time constant 
τ=R*C, it is necessary to find an expression of the resistance, which is missing at the moment. 

6.1.2 Capacitor model for a line scan 
A typical SEM scan pattern is made up of 1000 by 1000 pixels. Every pixel is illuminated with 
for instance 1 nA beam current for 1 to 10 μs. In general, a pixel is influenced by the electric 
field of the previous illuminated ones. It is interesting to approximate a line scan as the char-
ge is deposited as a wire configuration. The capacitance of a wire with a length l=1 μm, put 
at a distance d=200 μm from the wall is given by [3] 
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 6.1.6 

and with this geometry it results in  F. 16100.1 −⋅≈wC

But in order to evaluate the potential, it is necessary to know the how fast the potential 
decays in each pixel with respect the scanning time. 

6.1.3 Yield vs. Energy 
The total yield of BSE and SE depends on the energy of the primary electron beam as in 
Figure 6.3. 

- 27 - 



Proceedings Physics with Industry 2011 

 
Figure 6.3 Schematic graph of the sum of the back-scattered electrons (BSE) and the secon-

dary electrons (SE) as a function of the energy of the incident electrons on a sam-
ple. The vertical axis displays the total yield Y(BSE+SE) = η+δ.  

For a beam energy greater than E2, the sample accumulates a negative charge since the net 
yield is less than one. With time, the negative charge accumulated below the surface of the 
sample slows down the primary beam towards an energy E2. At this point, the yield equals 1, 
so there is not a net change of the charge in the sample. On the other end, with a primary 
beam energy smaller than E2 (but larger than the maximum of the function), the samples 
charge up positively, since for every landing electron, there is more than one electron leaving 
the sample per landing event. This positive potential tends to attract back the secondary 
electrons and they gradually do not leave the sample. The points with an energy E2 is a stable 
points.  

From SEM pictures, the charging process appears to stabilize after a certain time (a scan of 
few seconds at a MHz measuring rate per pixel), meaning that the net charge is not chan-
ging. From the results presented here, the potential increases with time. But this is not in 
contrast with the measurements, because in the experiments, even when the net charge 
seems to be constant, there is an ongoing change in charge distribution leading to internal 
electric  

6.2 Electron Transport – a possible alternative to Monte-Carlo simulations 
The Monte-Carlo method of simulating the dynamic charge distribution of electrons in a 
dielectric sample by tracing numerous trajectories is powerful and versatile but also compu-
tationally intensive. It is therefore interesting to look for possible alternatives to this 
approach. 

One strategy which suggests itself is a model based on the drift and diffusion of electrons in 
the medium. Instead of concentrating on the motion of individual particles, the collective 
behavior of all the particles can be modelled as the dynamic evolution of an out-of-equi-
librium system relaxing to its steady state. We start with a very high concentration of elec-
trons at the surface of the dielectric, which then spread through the bulk of the material to 
some final position and momentum distribution. In the primary beam, of course, all electrons 
start with a common high entrance velocity at their initial positions at the surface. 

Some questions immediately arise. For example, can the motion of such high energetic par-
ticles really be modelled as a Brownian diffusion process? And how would one describe in 
such a model the deceleration of the particles as they are slowed down by inelastic colli-
sions? 
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The dynamic evolution of an ensemble of particles towards equilibrium is described by the 
Boltzmann Transport equation: 
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where (∂f/∂t) is the particle distribution function, which depends on the velocity v, position 
r, and time t. (∂f/∂t)force is the rate of change of the external driving force, in this case an elec-
tric field, (∂f/∂t)diff is the rate of diffusion, and (∂f/∂t)coll is the collisional rate. 

From this general view of transport, the challenge is to find appropriate models based on the 
Boltzmann equation, specific to the distribution of charges in scanning electron microscopy. 
The strategy we propose is to divide the electron population which plays a role in the charge 
build-up process into two categories, based on their energies.  

Secondary electrons, or other electrons with energies less than 5 eV (that do not create addi-
tional free particles), can be well-described by the Boltzmann transport equation normally 
used for modeling, for example, the flow of electrons in silicon or other semi-conductor 
material. Analytical solutions as well as approximations have been demonstrated, which 
allow the calculation of parameters such as the electron energy distribution and electron drift 
velocities [4, 5]. The results from these models can be shown to compare favorably to Monte-
Carlo simulations [5]. 

Primary and back-scattered electrons with energies of greater than 100 eV require an addi-
tional approximation, in order to adequately describe the deceleration of these high-energy 
particles through inelastic scattering processes. The Continuous Slowing-Down Approxima-
tion (CSDA) allows the net distance an electron travels in various media to be estimated by 
assuming that the energy of the electron decreases at a constant rate. Materials for which the 
CSDA range is known include, for example, silicon and polystyrene [6].  

By combining the Bolzmann Transport Equation with CSDA, we come upon an electron 
transport model known as the Spencer-Lewis equation. This equation is used mainly in 
nuclear and particle physics, where it was important to understand, for example, the beha-
vior of a high-energy electron impacting on a silicon detector. Three-dimensional numerical 
solutions of this equation have been calculated for electrons in silicon in various geometries, 
where it is also claimed that good agreement with Monte-Carlo results have been achieved 
with this method and that it is significantly faster [7]. 

This investigation shows therefore that there are indeed precedents for an alternative 
approach, one which tries to understand the problem presented through an electron tran-
sport model. If it proves feasible on a practical level, such an approach may allow gains in 
computational time, as well as provide a deterministic calculation method which permits the 
change of one parameter while keeping every other characteristic of the system identical. For 
some applications these advantages could complement well with Monte-Carlo simulations. 

Finally, we should mention that other 'global' approaches besides the electron transport 
equation also exists, such as the Fokker-Planck equation, and even with the electron tran-
sport approach there are many different varients, for example self-consistency [8]. 

Another alternative lies in deriving an electron density approximation by averaging over 
moments of the Boltzmann equation. This might yield a better approximation of the colli-
sional processes and successive reaction products (like excitations and additional free parti-
cles) for the energetic particles than the CSDA. (This statement is certainly valid in a gas 
discharge and needs to be checked in a discharge in a dielectric.) Another approximation 
consists of treating the energetic particles with a Monte-Carlo approach and the low energy 
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electrons as densities in a so-called hybrid scheme. The methods mentioned in this para-
graph have been developed for collision dominated plasmas in gases. 

7. Discussion 
Both the Born approximation and the particle-mesh method are useful methods to calculate 
the electric potential in an inhomogenous dielectric. One can also go beyond the Born 
approximation where the calculated corrected potential is used as an input for computing 
the following higher order correction to the electric potential until the potential converges. 
However, one should remember that the convergence behaviour of such an iterative series is 
not checked when one starts from the potential of a homogenous dielectric. To be sure that 
the series is converging, the first guess of the potential should be reasonably good. This can 
be done by simulating different configurations to get a feeling for where the bound charges 
are located and therefore can help to make a first estimate of the potential of a more compli-
cated dielectric. These simulations can for example be done with the particle-mesh methods 
with which the computation of the electric field of the charging sample can be probably be 
done accurately and fast enough to provide some quantitative insight to the charging pro-
cess. Such a particle-mesh or particle-in-cell method can also be used directly if the particle 
nature of the electrons does not need to be accounted for. However, the development of such 
a code will take considerable time and could not be accomplished in the course of the week.  

An analytical method for point charges was considered as well, but we stated that an exact 
analytical solution for an electric potential in an inhomogenous dielectric next to vacuum 
cannot be found.  

The capacitor model can probably estimate the potential built up due to charging in the very 
beginning of the charging process. Although the continuous increase of the potential is not in 
contrast with the stabilization of the charging, it is most likely that other processes have to be 
taken into account after a few microseconds to explain the behavior of the charge build up in 
the dielectric that simplify by the separation of the positive and the negative charges. 
Electron transport models can be used as a complement to Monte-Carlo simulations, pro-
viding a global statistical view of the distribution of electrons as they move through the bulk 
of the dielectric. Precedents exist from solid-state, nuclear, particle and plasma physics, and 
these can be used as a basis for modeling the current problem, covering the behavior of elec-
trons as both low and high energies.  
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1. Abstract 
Nano4Imaging provides magnetic markers that are fit to be put on guidewires used in MRI 
scanners. The size of the artefact that is induced by these markers in a MRI image depends 
on the geometrical and magnetic properties of the marker and the imaging parameters set on 
the MRI scanner such as echo time and voxel size. During the one-week Physics with Industry 
2011 workshop we have developed a Mathematica model that predicts the size of the artefact as 
a function of these settings. 

2. Company profile 
Nano4Imaging is, located at the Chemelot campus in Geleen. Nano4Imaging focuses on the 
visualization of medical instruments and implants by marking these devices at certain loca-
tions with a coating containing a nanoparticle-based multimodal contrast agent. As a result, 
the company is able to deliver these products visible in MRI, Computed Tomography (CT), 
X-ray and ultrasound. Its customers include suppliers and manufacturers of medical instru-
ments, physicians and interventional radiologists, who are aiming to improve existing 
methodology. Accuracy, safety and value of the medical instrument and/or action are the 
driving forces behind the company's development and business strategy. Nano4Imaging is a 
2011 start-up company with at present 3 employees and 3 products in the pipeline that are 
currently being ISO certified and will be marketed in 2012.  

3. Problem description 
MRI has excellent diagnostic imaging capabilities without the need of contrast agents, and 
does not expose patients and physicians to harmful radiation such as X-rays. However, to 
date, MRI compatible devices are lacking and as a consequence surgeons continue to use 
other imaging techniques to guide interventions, even in situations where MRI or ultrasound 
would be preferable (e.g. interventions involving infants). Nano4Imaging produces and 
markets products that enable navigation and medical interventions by MRI and other ima-
ging procedures. The company has developed several proprietary coatings that can be 



Proceedings Physics with Industry 2011 

applied to medical devices and implants. For example, the MagnaFy coating is applied to 
medical instruments as a discrete marker in several profiles to allow passive tracking of the 
device in MRI imaging. These paramagnetic markers cause susceptibility differences with 
respect to the surrounding tissue. When such a marker is placed in a uniform magnetic field, 
it causes significant field inhomogeneities, leading to the dual effect of local frequency shifts 
and local gradient induction in the marker's immediate surrounding. The company's 
approach to passive imaging of binding contrast media, such as iron oxide nanoparticles 
attached to the medical device, makes the device visible against its background with a high-
resolution image such as MRI.  

 
Figure 1. MagnaFy markers on medical device (left) and as a zoom-in (right). Markers can 

be made as rings, dots, lines and other shapes and applied in different thickness. 
The size of the artefact can also be adjusted by the concentration of the nanoparti-
cles in the coating. 

The problem posed by Nano4Imaging for the workshop is the following 
Is there a physical model that can be developed to calculate or estimate the relationship 
between the marker size of MagnaFy markers (based on iron oxide nanoparticles) as applied 
on a medical device as shown in Figure 1. (or part of such medical device) and the artefact 
size that is observed under MRI passive tracking. This information would enable 
Nano4Imaging to fine-tune the marker-size, concentration and morphology upfront to the 
need of the application. Some background information, based on previous research by the 
company: 

1. Differences in artefact size for different concentrations cannot be correlated to the con-
centration of iron oxide nanoparticles embedded within the marker.  

2. Differences between different commercially available nanoparticles are observed, 
although these are minor. 

3. The shape of the artefact in MRI is dependent on the settings but is usually a symmetri-
cal orbital with an empty centre. 

4. No Linear dependency in the used concentration range (2- 50 %) is seen. Numerous 
other empirical observations underscore this non-linear dependency. 

5. Some studies suggest that the shape of the marker is not important: lines, dots and 
rings would give similar artefacts. 
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4. Background information 
Modelling the dependence of the artefact size on the marker concentration, marker suscepti-
bility and MRI parameters, requires knowledge of MR imaging procedures and the manner 
in which the magnetic field of the marker is calculated. In this section we first describe the 
physics behind magnetic resonance imaging, followed by marker- and MRI parameters that 
are relevant for our model.  

4.1 Magnetic Resonance Imaging 
Magnetic resonance imaging (MRI) uses nuclear magnetic resonance to image proton nuclei. 
This is a physical process by which magnetic nuclei in a magnetic field are able to absorb and 
re-emit electromagnetic waves at a specific frequency. This frequency is usually in the mega-
hertz or radio-frequency range.  

In the presence of a magnetic field a net magnetization can be measured due to the fact that 
there is a net alignment of the spins of magnetic nuclei such as protons with the external 
field. The spins start precessing around the axis of the applied magnetic field as a result of 
the torque that is exerted by the field on the magnetic moment of the nuclei. This Larmor 
precession occurs with a well-known frequency, which depends on the external magnetic 
field B0 as: 

 (1) 

with γ = (-e·g)/(2m) the gyromagnetic ratio. For typical values mproton = 1.67 10-27 kg and B0 = 
1.5 Tesla the frequency is 63.9 MHz. Unless specified otherwise, we choose the direction of 
the applied magnetic field parallel to the z-axis. When a resonant radio-frequency (RF) pulse 
is applied at the Larmor frequency, the precessing protons absorb this radiation which cau-
ses the magnetization vector of an ensemble of spins to tip away from the z-axis. Typically, 
the RF pulse flips the magnetization vector over such an angle that it rotates in the xy-plane 
around the z-axis; the so-called 90° pulse (see Figure 2.). Over time, the protons relax back to 
their most energetically favourable ground state, which is aligned with the magnetic field. 
The timescale associated with this process is called the spin-lattice relaxation time or T1. 
Typical values of T1 times are in the order of milliseconds to seconds. It is during this time 
that the MR imaging sequences is carried out by manipulating this proton precession.  

    
Figure 2. Left: Precessing of the protons around the axis parallel to the magnetic field. 

Right: After absorption of a 90° RF pulse, the protons are precessing in the xy-
plane.  

- 35 - 



Proceedings Physics with Industry 2011 

- 36 - 

4.2 Image construction 
Gradient echo 
After the π/2 RF pulse is applied, the spins initially precess in-phase around the z-axis in the 
xy-plane. However, individual protons experience slightly different Larmor frequencies 
because of inhomogeneities in the magnetic field of their surroundings. Due to these diffe-
rences in Larmor frequencies, an ensemble of proton spins which initially started precessing 
with the same phase slowly dephase. This dephasing occurs over a timescale that is called 
spin-spin relaxation time, or T2. This dephasing is known as spin-spin relaxation and is 
regarded a microscopic phenomenon. In a similar way, macroscopic field inhomogeneities 
can speed up transverse relaxation even more. Gradient echo MRI uses this effect to image 
the MR signal in xy-plane by inducing spatially dependent dephasing. Below the imaging 
steps are described. 

1. A magnetic field gradient Gz is added to the background magnetic field in z-direction. 
As a result, the magnetic field is still directed in the z-direction, but its amplitude has 
become z-dependent. Because of this, the Larmor frequency of the protons is also a 
function of z. 

2. An RF pulse with a specific frequency ω and bandwidth Δω (which corresponds to a 
specific slice Δz around a specific position z) is applied. Due to this pulse, the protons 
located in a slice of Δz thick around position z are excited. The protons in the rest of the 
sample are precessing at different frequencies and therefore not excited by the RF pulse. 

3. Because of the gradient field applied in 1), protons (in the slice or everywhere?) precess 
at different frequencies throughout the sample and because some time has passed, the 
spins are now out of phase. This unintended dephasing is reversed by applying an 
equal gradient field with opposite sign. The protons are now precessing around the z-
axis in the xy plane with the same frequency.  

4. A gradient field Gy is applied for a fixed time τ in the y-direction to encode the phase of 
the precessing protons in the xy-plane. The phases of the precessing protons now 
depend on their position along the y-axis. 

5. A gradient field Gx is applied in the x-direction to encode the frequency of the protons. 
As a result, this frequency becomes dependent on the x-location.  

6. During the frequency encoding during 5), nx intensities are measured from the preces-
sing protons with sampling time Δt by two perpendicular coils which together measure 
the frequency and phase.  

7. Steps 4–6 are repeated ny times for different values of Gy. 

8. The number of phase (ny) and frequency (nx) encoding steps determines the size of the 
image matrix in Fourier- or k-space of the final image. Each location in k-space corre-
sponds to a specific spatial frequency in the image. kx is determined by the sampling 
during step 6) and is given by kx = γ Gx m Δt for step m of nx. The ky value corresponds 
to the gradient strength used for encoding the phase in 4) and are given by γ Gy m τ. For 
kx,y = 0 the signal is the strongest. 

9. A 2D Fourier transformation of the image matrix is applied to construct the real image.  

The steps described above are depicted in Figure 3. Different time values are of importance 
for imaging. After the first RF pulse the gradients are applied and signals with phase and 
frequency depending one x- and y-position are measured. During frequency encoding a 
maximum signal is observed at kx=0. The time between the RF pulse and this peak is the echo 
time (TE). The echo time and the time during which the gradient in the x-direction is applied 
have to be shorter than T2. The echo time determines how long the gradient is applied. When 
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the echo time is chosen too long the protons are dephased with respect to each other to such 
an extent that the contrast is becoming too small. The repetition time TR has to be larger than 
T1, which depends on the tissue to be imaged and the flip angle. Thus the choice of TE and 
TR depends highly on the type of tissue.  

    
Figure 3. Left: Gradient echo pulse sequence. At t=0, a gradient field is Gs applied in z-

direction (Gz in this text) while an RF pulse excites a z-slice in the sample. An 
equal gradient field with opposite sign is applied to re-phase the spins. The y-direc-
tional gradient field Gp (Gy in this text) encodes the phase. The frequency is 
encoded using a gradient field Gf in x-direction (Gx in this text).  
Right: Spin echo pulse sequence. Similar to gradient echo on the left, but with an 
added 180 degree RF pulse to re-phase the spins. 

Spin echo 
An MRI image can also be constructed using a different sequence of pulses: the spin echo 
sequence. As in gradient echo the sequence starts with an RF pulse while a gradient is 
applied in the z-direction for slice selection. In gradient echo, the dephasing caused by this 
gradient is cancelled by applying a gradient of opposite sign right after the pulse. The 
(change in) dephasing due to other effects causes the contrast in the gradient echo image. In 
spin echo the dephasing is cancelled by flipping the spin 180 degrees at time TE/2, creating 
an echo at TE. A spin echo is stronger than the gradient echo, because dephasing due to 
static background magnetic fields is efficiently cancelled in the former. 

The control sequence is shown in Figure 3. and described below:  

1. A gradient Gz is applied and a π/2 RF pulse, or α-pulse, is applied. 

2. After the RF pulse the protons are dephased because of the applied gradient and a 
reverse gradient of –Gz is applied for half of the duration of the original pulse to 
rephase them.  

- 37 - 



Proceedings Physics with Industry 2011 

3. At the same time a gradient in the y-direction Gy, is applied during a time tPE. The 
strength of this Gy is varied during subsequent scans.  

4. At time TE/2 a 180 degrees (or π-pulse) is applied. The spins precessing faster than the 
mean spin frequency are set back and the spins precessing slower are pushed in front of 
the mean. Hereby an echo will occur at time TE.  

5. A gradient field in the x-direction, Gx, is applied to encode the frequency. As a result, 
the precession frequency of the protons becomes dependent on their position along the 
x-axis.  

6. During frequency encoding a signal is measured from the precessing protons by two 
perpendicular coils for the frequency and phase.  

Steps 3–6 are repeated for different Gy-values.  

Steps 8) and 9) are similar to that of a gradient echo pulse sequence. 

In spin echo MRI the signal strength of the echo is only decreased by T2-decay, with depha-
sing caused by spin-spin interactions between the protons. The influence of static back-
ground fields are cancelled, because the effects change sign after the 180 degrees pulse. In 
gradient echo MRI, on the other hand, these effects shorten the decay time. This type of 
decay is called T2*-decay. The difference between T2- and T2* decay is depicted in Figure 4. 

Because of less T2-decay in spin echo MRI, more signal is measured and images are clearer. 
On the other hand the process is slower, which might be problematic when real time ima-
ging is required during e.g. an operation. Also, there is more than two times more heat 
generation as compared to gradient echo MRI, because of the additional 180 degrees RF 
pulse that is applied 

    
Figure 4. In gradient echo MRI T2* relaxation is the source of contrast (left), while with spin 

echo, the longer T2 relaxation time generates contrast (right). Because of this, spin 
echo MRI generally has favourable contrast properties. 

4.3 Voxel size 
In the previous chapter we described how the RF pulse excites a volume of spins, causing a 
net magnetic field perpendicular to the applied field B0. The magnitude of the resulting net 
magnetization that is measured is represented by a voxel, i.e. a 3D pixel. The voxel size is 
determined by the k-matrix size, the field of view and the slice thickness. Typical voxel sizes 
used in MRI are 10 mm through-plane (for slice selection) and 0.5 mm by 0.5 mm in-plane. 
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The signal intensity emitted by the voxel determines the brightness of the pixel. Larger voxel 
sizes generally increase the signal intensity, but decrease spatial resolution.  

4.4 MRI markers 
Since MRI measures differences in magnetic susceptibility χ, this is the most important pro-
perty of the markers for our investigation. When a paramagnetic or superparamagnetic 
marker is used, the susceptibility of the marker is several orders of magnitude larger than 
that of the surrounding tissue. This susceptibility increases the dephasing, i.e. decreases T2*. 
Since the phase determines the intensity of the measured signal, dephasing decreases this 
intensity. The surroundings of the marker are thus visible due to lack of signal, i.e. a signal 
void is measured.  

5. Problem Solving Strategy 
Modelling of the marker-artefact in an MR image requires a detailed description of the 
magnetic field of marker and its surroundings and translation of this magnetic field descrip-
tion to an MR image. 

 
Figure 5. Problem solving strategy 

We used the ideal dipole as the starting point for our simulations (see Figure 5.). From there 
we followed two roads: 1) We adapted the ideal dipole model to simulate the magnetic field 
of more realistic marker shapes (left branch in the figure) and 2) we used the dipole simulate 
how its magnetic field appears in an actual MR image (right branch). We then combined 
these two approaches to show how a marker disturbs the MR image. 

The magnetic field of an ideal dipole is given by [7]: 

  (1) 

where the magnetic moment ΔχV contains the marker parameters, such as the concentration 
and susceptibility of the paramagnetic material in the marker, and the marker is assumed to 
be a perfect sphere, and B0 is the field of the bore magnet. This ideal dipole model is later, in 
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section 6.2, extended to more realistic configurations, in which the distribution of magnetic 
material is varied while ΔχV is kept constant.  

Since the shape if an actual marker is more cylindrical than spherical, we first adapted the 
ideal dipole model to simulate a cylindrical shape. Placing small spheres homogeneously 
distributed around the surface of the cylinder approximates the magnetic field of a cylinder. 
The net magnetic field is a superposition of the fields of these small dipoles. We assume that 
all spheres contain the same amount of paramagnetic material such that ΔχV remains con-
stant. The cylinder axis was initially taken parallel to the magnetic field and its orientation 

with respect to  is varied up to 90°. 

In order to determine the contrast due to the marker in a gradient echo measurement, we 
determine the additional dephasing within one voxel due to the magnetic field of the mar-
ker. As a first step, we divide each voxel into  subvoxels. The average phase of 
the magnetization vector of each subvoxel is then calculated by: 

  (2) 

where γ is the gyromagnetic ratio, TE the echo time, and Bz as calculated in (1).  

Now, we can approximate the average magnetization of a voxel by summing over the mag-
netization vectors of the subvoxels: 

 (3) 

The average magnetization of a voxel decreases when the dephasing within the voxel 
increases. This leads to a lower MRI signal from the protons within voxels that are close to 
the marker. The amount of signal suppression is expected to depend strongly on the voxel 
size: If the voxel size is increased, the amount of dephased spins as well as the amount of 
unaffected spins increases. This leads to a larger spatial extension of the artefact, but the 
intensity of the artefact will be diminished, since fewer voxels will be completely dephased. 

6. Results 
In this section, we present the simulated marker artefacts in gradient-echo MR images for 
varying marker parameters and MRI settings. First, in section 6.1 the results for artefacts due 
to a spherical particle are shown. In section 6.2, we present results for a particle distribution 
that is more similar to a cylindrically shaped marker. 
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6.1 MRI artefacts for a spherical marker 

 
Figure 6. z-component of magnetic field of a spherical FeO particle  

Figure 6. shows a contourplot of the z-component of the magnetic field of a perfect spherical 
FeO particle of 0.14 mm in diameter (shown in black) in the x=0 plane, obtained from Eq. (1). 
The area within the thick white line indicates the location of the spins that are off resonance 
for an RF pulse of bandwidth Δf=650 Hz. The spins outside this area are excited, but experi-
ence additional dephasing due to the dipole field. If we multiply the values in this contour-
plot by a factor γ TE, we obtain a plot of the phase values (which exhibits an identical shape). 
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Figure 7. Gradient-echo MRI simulations for a spherical marker. The black arrows indicate 

the direction of the bore magnet field. The scale bar in b) applies to all plots. 
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Figure 7. shows the results of the gradient-echo MRI model for several MRI and marker 
parameters. The colour scale indicates the amount of signal suppression due to dephasing in 
the vicinity of a magnetic dipole. Darker blue colours correspond to less MRI signal. The 
starting point for this simulation is a sphere with a magnetic moment of μ = χ*V = 10-14 A m2, 
which follows from concentrating all the iron oxide within a cylindrical marker of typical 
dimensions 0.9 mm diameter, 2.4 mm height and 50 µm thickness within a sphere in the ori-
gin. The used echo time TE, susceptibility χ, and voxel sizes Vx, Vy, and Vz are given above 
the figures. The black arrows indicate the direction of the bore magnet field. For each simu-
lation, we use 10 subvoxels per dimension per voxel, or a total of 1000 subvoxels per voxel. 

Artefact versus echo time 
By comparing panels a and b we can see the effect of varying the echo time TE. Panel a was 
modeled using TE=100 ms, panel b shows the artefact geometry for TE=50 ms. As expected, 
the artefact size scales with TE. The general shape of the artefact does not depend strongly 
on the echo time. 

Artefact versus viewplane 
Panel c is a simulation of the artefact with the MRI viewplane perpendicular to the bore field. 
The in-plane and through-plane voxel sizes are the same as in panel a, which implies that the 
voxel size is now (Vx, Vy, Vz) = (0.5 mm, 0.5 mm, 10 mm). The cylindrical symmetry of the 
magnetic field of the sphere is clearly retained in the artefact geometry. 

Artefact versus nanoparticle concentration 
In panel d, we doubled the susceptibility of the magnetic field while keeping the volume 
constant. This is equivalent to doubling the concentration of FeO nanoparticles in a marker 
with constant size and shape. All the other settings are equal to the settings in panel a. The 
artefact size increases with increasing nanoparticle concentration. The general shape of the 
artefact is not influenced by the concentration. 

Artefact versus voxel dimensions 
In panel e and f, we varied the through-plane (e) and in-plane (f) voxel sizes, while keeping 
the field of view (FOV) constant. In panel e, the through-plane voxel size is decreased from 
10 mm to 1 mm. Clearly, the shape and size of the artefact depends strongly on this parame-
ter. In panel f, the in-plane voxel size is decreased from 0.5 mm x 0.5 mm to 0.25 mm x 0.25 
mm and the amount of modeled voxels is quadrupled in order to keep the FOV constant. 
Comparing this artefact to the one in panel a, we observe that the artefact geometry does not 
change, but that the artefact is imaged in more detail. 

Discussion 
We conclude that the gradient echo MRI parameters most relevant for the determination of 
the artefact size are mainly the echo time TE and the voxel sizes, since these dominate the 
dephasing effect. The repetition time TR should in principle be chosen such that each con-
secutive measurement is independent. The flip angle was not taken into account, since it 
influences the initial magnetization magnitude in the xy-plane and hence the contrast with 
which the artefact will be imaged, but is not expected to have a strong effect on the artefact 
geometry.  

The relevant marker parameter for a spherical marker is the concentration of iron oxide 
nanoparticles, which we modeled by varying the susceptibility of a sphere with a constant 
volume. This parameter changes the size of the artefact, but not the shape. In order to study 
the effect of the marker properties in more detail, the model has to be extended to realistic 
magnetization distributions. 
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6.2 MRI artefacts for a cylindrical marker 
Now that we know the MRI images resulting from a perfect dipole marker, we can model the 
marker in a more realistic manner. We represent the marker as a sphere of radius R and 
height h, covered on the outside mantel by n equidistant rings containing m magnetic parti-
cles also placed equidistantly. An example is given in Figure 8. 

y/m

z/
m

 
Figure 8. Left: the marker modeled by a cylinder with n=3 rings containing m=5 particles 

each.  
Right: the z-component of the magnetic field of a cylindrical model that consists of 
5 rings with 5 particles each. The individual particles are clearly visible in this 
plot. 

In all simulations below the parameters are those given in Table 1, unless stated otherwise. 
These are the typical values for markers and MRI systems of interest. In case parameters are 
changed that change the volume of the marker and thus would change the magnetic load, 
the magnetic load is kept constant manually to make fair comparisons. 

Parameter Value Explanation 

Wire radius 0.459 mm Guide wire radius 

Marker height 2.4 mm Cylindrical marker height 

Paint thickness 37.5 µm Marker paint thickness 

Paint density 25 kg/m3 Density of the marker paint 

Marker density 4700 kg/m3 Density of marker material (FeO) in the paint 

Field of view 16 x 16 voxels2 in YZ  

Voxel size 10 x 0.5 x 0.5 mm3  

Magnetic field 1.5 Tesla  

Echo time 100ms  

Cylinder rings 4 Cylinder model parameters 

Particles per ring 5  

Table 1. Default simulation parameters for MRI and markers. 
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Dipole compared to cylinder model 
We first monitor how the artefact size and shape evolves as we move towards a more realis-
tic representation of the marker. We go from dipole, via 2 rings of 2 particles and 3 rings of 
3 particles to 5 rings of 5 particles. All other parameters are kept equal. In the resulting MR 
images of the yz-plane (see Figure 9.) the black dots indicate the position of the magnetic 
particles. 

 
Figure 9. Artefact size as function of cylinder complexity. From left to right: dipole model, 

2x2, 3x3 and 5x5 particles. 

We expect that although the image in the direct vicinity of the cylinder of particles may 
change considerably, it will be unaffected in regions further away. At distance larger than 
about one cylinder height or width (whichever is largest) away, the structure of the object is 
no longer 'visible' and only the magnetic load should influence the field. 

In Figure 9. we indeed see large changes in the vicinity of the cylinder and only small 
changes further away. As we go to more and more realistic representation (more rings of 
more particles), the artefact becomes more similar to the dipole one. Especially the lobes on 
top and bottom show a clear resemblance. In the cylindrical model case, the toroidal lobe 
present in the ideal dipole case is stretched in the z-direction over several voxel lengths. 
Therefore we cannot suffice by using the ideal dipole to model the artefact. 

Cylinder size influence 

 
Figure 10. Artefacts for cylinder heights 1, 2.5 and 5 mm. 

Since the previous results show that the cylinder presentation produces more realistic 
results, we conclude that the cylinder model for the shape of the markers is also of interest. 
In Figs. 10. and 11. we consider size effects of the cylinder. We vary the width and the height 
of the cylinder whilst keeping the other constant. The magnetic load is kept equal. 

Figure 10. shows the effect of an increasing height of the cylinder. The toroidal lobe in the xy-
plane (projected on the y-axis) is stretched until it splits into multiple tori. The signal inten-
sity also decreases. The lobes on top and bottom decrease in both size and intensity as height 
increases. 
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Figure 11. Artefacts for cylinder radii 0.1, 0.5 and 1 mm. 

As we vary the radius of the cylinder in Figure 11., the artefact is compressed in the z-
direction, while it extends in the y-direction. Interestingly, the intensity of the signal becomes 
more confined to the centre of the marker, as the width increases until it blurs out for very 
large radii. Increasing the width therefore reduces the artefact size.  

Artefact vs magnetic load 

 
Figure 12. Artefacts for magnetic loads of 0.3, 1, 5 and 10 times typical load. 

As we increase the magnetic load, the size of the artefact grows while simultaneously con-
verging towards the ideal dipole case. Figure 12. shows this effect. 

Artefact versus orientation 

  
Figure 13. Gradient echo MRI artefact versus paramagnetic cylinder rotation in the yz-plane 

(0, 15, 63 and 90 degrees). 

In addition to the parameters studied above, we note from Figs. 13. and 14. that the orienta-
tion of the cylinder also significantly alters MRI images. In Figure 13. we depict rotations in 
the yz-plane. We note that the lobes on top and bottom slightly deform and shift along with 
the position of the top and bottom respectively as the rotation increases. 

The projected tori of each magnetic particles are now shifted with respect to each other, 
accumulating in a rotation of the resulting torus. This rotation of the image is larger than the 
rotation of the actual distribution for small angles. At 90 degrees the figure resembles the 
image of a cylinder with width and height inverted, as expected. 
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Figure 14. Gradient echo MRI artefact versus cylinder rotation in the xy-plane (0, 45 and 90 

degrees) for a 90 degree rotation in yz-plane. 

In Figure 14. we investigate the influence of cylinder rotation in the xy-plane for a 90 degree 
rotation in the yz-plane. For increasing rotation angle, we note that the MR image converges 
towards the dipole case.  

Artefact versus voxel size 

 
Figure 15. Artefacts generated by voxel size 0.25 mm2, 0.5 mm2 and 1.0 mm2 in the yz-plane 

for a 10 mm voxel size in x. 

We now investigate the effect of different MRI settings. We find that these are at least as 
important for image formation as the marker data. The voxel size is specified in the in-plane 
(x, y) and through-plane (z) direction. In realistic settings the in plane size ranges from 0.25 
to 2 mm. The through-plane direction is usually larger, ranging from 2 to 20 mm. Changing a 
voxel size in one direction does not only change the image in that specific direction, but also 
in both other directions. As we change the through-plane voxel size (see Figure 16.), the in-
plane image will change just as severely. We note that larger through-plane voxel 
dimensions decrease contrast. 

 
Figure 16. Artefact size for voxel sizes 5 mm, 10 mm and 20 mm in x-direction for 0.5 mm2 

voxel size in the yz-plane. 
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Artefact versus echo time 

 
Figure 17. Artefact size echo time for 0.5, 1, 2 and 5 times the default echo time of 100ms. 

In the ideal dipole case the increase of echo time enlarged the dephased volume and thereby 
in the size of the artefact. Here we show its influence on the more realistic version. Here we 
also see that the increase of dephased volume accounts for an increase in artefact size, whilst 
the shape stays unaltered.  

7. Conclusion 
We have demonstrated that using elementary physics, we can model an MR image for arbi-
trary marker properties and MRI settings. We have captured this model into a numerical 
simulation which produces realistic images for typical marker and MRI settings. The impor-
tant MRI and marker properties are input parameters for the simulation, such that a wide 
variety of scenarios can be investigated. 

The dependency of the image appearance on the individual parameters can be understood 
physically. With the proposed model the artefacts generated by (super)paramagnetic mar-
kers can be simulated, without the need to use an MRI scanner. This will contribute to the 
rapid customization of ideally sized and shaped artefacts at low cost and rapid prototyping.  
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1. Abstract 
Structure is an important factor in food. One of the ways to provide structure to foods is by 
using bubbles and foams. However, they need to be stabilized. One way of doing this is by 
covering them with microscopic rods. These rods self-assemble at the surface, yielding a sta-
ble bubble. The goal of this work is to gain a better understanding into how this self-assem-
bly works using analytical calculations, experiments and simulations. 

2. Company profile 
Unilever is one of the world's leading fast-moving consumer goods companies. Our foods, 
home and personal care products are sold in over 180 countries and used by more than 
2 billion consumers every day. Unilever is world leader in several consumer goods catego-
ries like savoury, dressings, tea, ice cream, spreads and deodorants. In 2010 Unilever 
employed over 167,000 people and was operating in 180 countries with a turnover of € 44.3 
Billion, and had more than 12 global brands with sales of more than € 1 billion. Around € 6 
billion were invested in advertising and promotion and € 928 million in R&D. Unilever files 
more than 300 new patent applications each year and has a portfolio of more than 20,000 
patents and patent applications. Unilever R&D employs more than 6,000 professional 
researchers, working in 6 strategic R&D laboratories delivering groundbreaking technolo-
gies, 31 major development centres developing and implementing product innovations and 
92 locations around the globe with R&D teams implementing innovations in countries and 
factories. 

3. Problem description 
From a physical-chemical point of view Unilever products are hierarchically structured 
multi-component colloidal liquids, semi/soft solids or solids that have certain desired 
behaviour upon production, storage and in-use. Some of these products are water continu-
ous (like mayonnaise, sauces, ice-cream, conditioners) and some are oil continuous (like 
margarines, cheese, some skin-creams or deo–sticks). Therefore it is critical to have a set of 
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bulk structuring technologies that can deliver consumer benefits in a cost- and energy effi-
cient way, utilizing sustainable raw materials and processes. In many cases (bio)polymers 
are used to structure bulk phases, but in some cases particles or droplets are used as well. It 
is well known that shape-anisotropic colloids are more efficient space fillers, thus they can 
provide similar structuring with less material as compared to spherical analogs. The struc-
turing efficiency of these systems depends on colloid volume fraction, aspect ratio, size, 
polydispersity, flexibility/rigidity as well as particle-particle, particle-solvent and particle-
other colloids interactions. There is a large body of theoretical and modelling studies in the 
open literature that predict the rheo-mechanical behaviour of anisotropic colloidal systems at 
a qualitative level, or in very specific cases quantitatively. However, what is still missing is a 
comprehensive approach, allowing to predict the behaviour of one and the same system for a 
broad range of concentrations, particle polydispersities and aspect ratios, especially for inter-
acting systems, taking into account local solvent hydrodynamics or elasto-mechanics around 
the particles. 

One of the techniques found by Unilever to add more structure to materials is by using air. A 
liquid can appear to be more solid if it contains bubbles. Unfortunately, such a foam will in 
general collapse over time, so for a consumer product the bubbles have to be stabilized. One 
way of doing this is by adding CaCO3 rods to the material. These rods attach to the surface of 
the bubbles and stabilize them. Although this works in practice for a number of known for-
mulations, it is not yet understood why the rods arrange themselves on the surface of the 
bubbles the way they do. 

4. Problem solving strategy 
Our goal is to gain a better understanding of the self-assembly of rods on curved surfaces. 

In order to tackle this problem, we take four approaches, which we will discuss in more 
detail in the following sections. First we will discuss the knowledge that exists in the litera-
ture about self-assembly of rods and other objects on curved or flat surfaces. 

When covering a surface, the covering particles in general will tend to align, but on curved 
surfaces the particles cannot be completely ordered. Therefore defects will be generated. We 
will investigate these defects analytically in section 6. 

The bubbles under consideration are microscopic objects. However, the characteristic orde-
ring of the rods is predominantly a geometric effect and therefore it might be possible to 
reproduce the covering in a macroscopic setting. This would facilitate further research. We 
present some experiments into this area in section 7. 

It seems that currently the most comprehensive way to describe the self-assembly of the rods 
and other anisotropic particles is using simulations. We will present two simulations based 
on different methods in section 8. 

5. Literature search  
The phase behavior, alignment and structure of an assembly of anisotropic colloidal particles 
are long standing scientific issues, which have been studied in the past using computer 
simulations, theory and experiments. One of the earliest theoretical calculations for a three 
dimensional gas of infinitely thin hard rods is by Onsager in 1949 [1] where he had consi-
dered the orientational as well as the translational component of entropy and predicted an 
istotropic-nematic phase transition as the density of rods increases. Since then, many studies 
have been aimed at understanding and determining the structure and ordering of systems 
composed of ellipsoidal [2] and spherocylindrical particles [3] as a function of their shape 
anisometry.   
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Figure 1. Phase transition of a system of hard rigid rods on a 2D flat surface. Left figure 

shows istotropic phase at lower densities. Nematic phase with orientational order 
is observed at higher densities as shown on the right panel (see [1] for details). 

Geometry and structure of these particles on two dimensional surfaces is another important 
issue that has drawn much interest such as in depletion layers outside a spherical surface, 
drug capsules, viral capsids where structured surfaces are generated by the self assembly of 
such particles on planar or curved surfaces. A significant part of research is thus motivated 
towards understanding the two dimensional ordering of anisotropic particles. In particular, 
we focus here on the thin rod like particles used for the stabilization of air bubbles in emul-
sions as described above. One of the first computer simulations that have studied the phase 
behavior of thin rodlike particles on 2D flat surfaces was performed by Bates et al. [4], 
involving rigid rods of various aspect ratios. Their results show the existence of an isotropic 
nematic phase transition for very long rods, whereas shorter rods exhibit an isotropic fluid–
solid transition with increasing density. Other than the aspect ratio, rod size polydispersity is 
another factor that can sufficiently influence the ordering of rigid rods. This has been 
demonstrated by Monte Carlo in a related scenario, namely of thin hard platelets with a 
polydispersity in the diameter [5]. Particle size segregation is observed in two coexisting 
phases – isotropic-nematic – with larger particles tending to be found in the nematic phase.  

Although literature exists that investigates structuring over planar surfaces, extension of 
such studies to curved surfaces remain fairly limited. Problems related to the optimal orde-
ring of particles on curved surfaces begins with the century old Thomson problem of finding 
the minimum energy configuration of N particles on a sphere interacting by the Coulomb 
potential [6]. 

             
Figure 2.  (Color lines) Examples of 5-fold (left) and 7-fold (right) disclinations on a 

triangular lattice in regions of positive and negative Gaussian curvature respec-
tively (see [10] for details).  
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Analytical approaches to this problem are broadly based on expressing the elastic free 
energy as a function of curvature and number density, and subsequently minimizing it to 
determine the number of defects or grain boundaries [7-8]. In particular, in [7] the phase field 
crystal model is applied to study particle arrangement and dislocations on spherical surfaces 
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and derives scaling laws expressing the excess number of defects as a function of system 
size. Another study that deals with the ordering of hard spherocylinders on spherical drop-
lets with computer simulations is reported in [9]. The simulation therein demonstrates the 
existence of isolated defects on curved surfaces, as well as density oscillations in their 
vicinity and the effective interactions between such defects. A recent review by Bowick et al. 
[10] provides a more general discussion about the two dimensional arrangement of particles 
on curved surfaces, related concepts and possible analytical treatment.  

 
Figure 3. A triangular configuration of three positive defects around negatively charged 

defects (see [9] for details). 

There have also been some interesting experimental observations recently of defects in rela-
tion to curvature [11-14]. An experimental report of the defect lines in spherical crystals has 
been published by Irvine et al. [11], where the experimental system is based on the self 
assembly of micron-sized polystyrene beads on water droplets and imaged with a phase 
contrast inverted microscope. In this study, the authors focused on detecting excess defects 
as a function of system size (radius of the sphere) and report the proliferation of excess 
defects beyond a critical size of the sphere. 

     

 
Figure 4. Top: Light microscope image of a particle coated droplet. Disclinations (defects) are 

shown in red or yellow respectively. Bottom: Number of excess dislocations 

- 52 - 



Proceedings Physics with Industry 2011 

denoted by circles as a function of radius of the sphere, with the linear prediction 
given by the theory shown by the solid line. 

Other available literature that presents detailed experimental studies and analysis to under-
stand the properties of defects, geometric frustrations in curved surfaces and their local inter-
actions with the curvature are reported in references [12-14].  

In conclusion, there have been reports of the geometry and structures of beads and spherical 
particles on curved surfaces, although similar studies with rigid rods or anisotropic particles 
appear to be limited – thus presenting a scope for novel experiments or simulations to gain 
new insight. 

6. Analytical calculations 
In this section we investigate the role of curvature on an orientationally ordered phase. 
Details of this investigation can be found in references [15-18]. This analysis holds when 
spatial deformations of the orientation of the rods are small on the length scale of the rod, L, 
i.e. the bubble radius is orders of magnitude larger than L.  

6.1 Elastic free energy 
We construct a phenomenological free energy by punishing a spatial deformation of the local 
average orientation of the rods, n [19]: 

 
where the curvature is taken into account by including the determinant of the metric, g, and 
the covariant derivative, Dα, and K is an elastic constant. It is now possible to show that there 
must always be a misalignment if there is a non-vanishing Gaussian curvature [20]. Of 
course, this is the case for a spherical surface, where S=1/R². One can even rewrite the free 
energy entirely depending on defects (points where no preferred alignment can be deter-
mined) and curvature, instead of the average orientation of the rods: 

 
From this expression it is possible to infer that defects are attracted to like-sign Gaussian 
curvature. Or put the other way around, if the surface is allowed to deform, ordered regions 
will flatten out the surface while defects curve the surface (e.g. positively charged defects 
will create cone-like surfaces). The free energy of a nematic ordered phase on the surface of a 
sphere has been calculated and is proportional to the number of defects:  

 
Furthermore, it was found both theoretically [15-17] and experimentally [18] that the ground 
state configuration has 4 defects of charge one half located on the vertices on the tetrahedron.  

6.2 Success and breakdown 
As can been seen from Figure 5 of a relatively large bubble, the rods are developing some 
orientational order. We can also identify defects in this ordered system. Two of them (of 
charge one half) have been indicated with red dots. This being said, very often these rigid 
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rods do not support a nematic phase, but rather a disordered domain phase. This lack of 
order is common for hard rods [19].  

 
Figure 5. Image of a relatively large bubble on which rods are assembled. Orientational order 

seems to be developing in some regions. Two of the defects have been indicated by 
red dots.  

6.3 Topological analysis of domains 
Since generally the rods assemble into domains rather than forming a nematic phase, we will 
try a different approach. We observe that the domains typically are squares of size L by L. 
However, tiling a sphere with squares is impossible according to Euler's formula, 

 
Here, F are the number of faces, E are the number of edges and V the number of vertices of 
the polyhedron. The Euler number χ=2 for a convex surface such as a sphere. From this 
equation one can deduce that one needs to incorporate a total of eight triangles to tile the 
sphere completely, as is shown in Fig6.  
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Figure 6. Cuboctahedron containing eight triangles. The number of squares is not fixed 
(Image taken from [20]). 

Now it is possible to approximate how many squares, Q, and triangles, T, there must be on a 
spherical surface with area S = 4 Pi R², namely:  

Q = 4 π R² / L² - 4  

T = 8 

leading to a total number of faces of  

F = 4 π R² / L² + 4  

Furthermore, it is possible to calculate the total length of the domain walls, Y, which is the 
number of edges times L: 

Y = 8 π R² / L – 4 L 

If we now introduce an energy cost for surface tension proportional to R² and a cost for the 
total length of the domain walls (i.e edges) with a prefactor that is proportional to the angle 
(proportional to L/R) that the faces make at the edges, we find there is a preferred value for 
the radius of the bubble which scales with the rod length to the power 2/3. This should be 
experimentally testable by using different sizes of the rods.  

This crude model can be extended to include rectangular rather than square shaped faces. 
Moreover, it would be interesting to study the effect of polydispersity in the rod length.  

7. Experiments 
We performed two experiments to provide a quick and basic insight into the problem of 
packing hard rods onto a curved surface. The aim of the experiments is to observe on a 
macroscopic scale domain creation of the “rods” for varying curvatures. Rods consist of 
wooden matchsticks (aspect ratio 2mm x 550mm) and toothpicks (aspect ratio 2mm x 
650mm).  

A first set of experiments were carried out by rotating a table top driven by a stepper motor 
with a rotation rate, which could be set manually. By filling the bucket with tap water we 
created the so-called Newton bucket: at rest the water surface is flat. When increasing the 
rotation rate, the water creeps up the wall and creates a parabolic shape. By varying the rate 
we could thus create different “curvatures” of the water. The varying curvatures mimicked 
the different air bubble sizes presented in the original problem posed by Unilever. The next 
step involved adding wooden toothpicks or match sticks (with the head cut off to avoid the 
uneven weight distribution) to the water before the rotation was initiated. In either case we 
would vary the rotation speed and use a Canon camera with a high shutter speed to record 
how the toothpicks/matches aligned themselves along the curved water surface.  

A second set of experiments consisted of coating the outside of a blown-up balloon with 
grease and attaching the toothpicks to the surface and then letting the balloon deflate. Photos 
were taken to record how the toothpicks rearranged on the surface during the deflating. Two 
initial configurations were used: either the toothpicks were put on in a pre-aligned configu-
ration or they were attached in a random configuration. 

7.1 Experiments with rotating table 
The first experiment consisted of matches placed on the water surface, which were initially 
not arranged before a run was started and thus were in a random configuration before rota-
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tion. Figure 7. shows photos of the bucket rotating matches in following the sequence: at the 
highest rotation speed, at intermediate speed and after stopping the rotation.  

The second experiment consisted of toothpicks in the bucket on the water. Toothpicks were 
manually arranged before rotation in order to create a dense packing. Figure 8. shows photos 
of the rotating toothpicks before rotation, during rotation and after stopping rotation.  

Results of the experiments depicted in Figure 7 and Figure 8 suggest that at slower rotation 
rates, i.e. lower curvatures; created domains are larger in width, which implies that there are 
more rods per domain. 

 
(a) 

 
(b) 

 
(c) 

Figure 7. Bucket rotating matches in water at: (a) at highest speed (~18 rad/s), (b) 
intermediate speed and (s) after rotation stops. At intermediate speed the creation 
of domains starts becoming visible and after cessation of rotation it is clear that 
rods create domains.  

 
(a) 

 
(b) 

 
(c) 

Figure 8. Bucket rotating toothpicks in water: (a) before rotation and manually packed rods, 
(b) at the highest rotation (~18 rad/s) and (c) after rotation stops. Due to rotation 
the manually packed configuration is destroyed. Conversely when rotation is 
decreased domains start to form.  

7.2 Experiments with balloons 
In the first experiment an inflated balloon coated with grease as a sticky agent was covered 
with toothpicks in a pre-arranged configuration. Figure 9. shows how the initially arranged 
toothpicks order themselves once the balloon was deflated. Because of the high elasticity of 
the balloon, when it was deflated the rods started having less contact with the surface until 
there was only a very small part touching the balloon, which meant that this experiment 
does not represent the microscopic behavior we aim to study. Nevertheless, toothpicks 
seemed to order while they were getting closer to one another while the balloon was defla-
ting. 
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Even if this experiment was not the most suited to study the ordering of rods on a curved 
surface, we decided to carry out a second experiment starting with disordered toothpicks. In 
this second experiment we also observed that the toothpicks seemed to arrange themselves 
into domains while the balloon was deflating, as shown in Figure 10. 

 
(a) 

 
(b) 

 
(c) 

Figure 9. Inflated balloon coated with pre-arranged toothpicks: (a) initial, ordered configura-
tion of the toothpicks on the balloon, (b) the jamming together of the toothpicks on 
the surface and (c) the final, deflated balloon with the toothpicks in apparent 
domain-like structure.  

 
(a) 

 
(b) 

 
(c) 

Figure 10. Inflated balloon coated with disorder toothpicks: (a) initial disorder coverage of 
toothpicks, (b) the jamming together of the toothpicks on the surface and (c) 
deflated balloon with apparent small domains. 

7.3 Conclusions and Recommendations 
Results presented in Figures 7. and 8. and images previously obtained at microscopic scale 
suggest that the formation of domains at the liquid-air interface is due to geometrical effects. 
Additionally, these experiments confirm that if rod-like particles are located at a liquid-air 
interface and are under the influence of small perturbations, they will tend to an organized 
state formed by domains of parallel particles. Furthermore, we observed that the domain-like 
structures formed on curved surfaces (rotating bucket with water) as well as in flat surfaces 
(stationary bucket after rotation).  

It is worth noting that the formation of domains on flat and curved water surfaces is equiva-
lent to the formation of domains in big microscopic bubbles, which is justified since the 
length of the matches/toothpicks is smaller than the radius of curvature of the water-in-
bucket system. 

- 57 - 



Proceedings Physics with Industry 2011 

- 58 - 

We recommend to carry out further experiments using rod-like particles with different 
aspect ratios in order to study the influence of this parameter on the formation of domain-
like structures in liquid-air interfaces. 

 8. Numerical Simulations 
Computer simulations are proving to be promising in understanding the dynamic properties 
of particle-stabilized multiphase flows. However, the shortcomings of traditional simulation 
methods quickly become obvious: a suitable simulation algorithm is not only required to 
deal with simple fluid dynamics but has to be able to simulate several fluid species while 
also considering the structure and motion of particles as well as fluid-particle interactions. In 
fact, recently a number of new ideas have been introduced in order to unify granular and 
liquid descriptions, or to treat particles and liquids within a single theoretical/simulation 
framework. Some of these involve modified lattice Boltzmann (LB) methods [21-23] and field 
theoretic ideas merged with particle dynamics [24-26]. During this workshop, beside a 
hybrid LB/MD approach, a fully particle-based approach has been applied using Dissipative 
Particle Dynamics with rigid colloids representing the rods. The particles and their interac-
tions are generally described by molecular dynamics or Langevin dynamics and both algo-
rithms are coupled to correctly exchange momentum between the solid and the fluid phases 
of the suspension. 

The lattice Boltzmann method can be seen as an alternative to conventional Navier-Stokes 
solvers and is well established in the literature. It is attractive for the current application 
since a number of multiphase and multicomponent models exist which are comparably 
straightforward to implement. The lattice Boltzmann method can be seen as a discretized 
form of the Boltzmann equation describing the dynamics of a fictitious ensemble of particles. 
Their motion and interactions are restricted to a regular lattice in space and time. In the limit 
of small Mach and Knudsen numbers it can be shown that the method recovers the Navier 
Stokes equations. It has become a very successful tool for modeling fluids in science and 
engineering. Compared to traditional Navier-Stokes solvers, it allows an easy implementa-
tion of complex boundary conditions and - due to the high degree of locality of the algorithm 
- is well suited for the implementation on parallel supercomputers. 

A few groups have combined multiphase lattice Boltzmann solvers with known algorithms 
for suspended particles. Here, we follow an alternative approach based on the multicompo-
nent lattice Boltzmann model of Shan and Chen which allows the simulation of multiple 
fluid components with surface tension. Our model generally allows arbitrary movements 
and rotations of rigid particles of arbitrary shape. Further, it allows an arbitrary choice of the 
particle wettability – one of the most important parameters for the dynamics of multiphase 
suspensions. For a detailed introduction to the method see Refs. 22 and 23, where our model 
has been applied to spherical and ellipsoidal particles at fluid interfaces. We have presented 
a thorough validation of the method for single particle situations and show that a transition 
from a so-called bijel to a Pickering emulsion can be found by varying the particle concen-
tration, the particle's contact angle, or the volume ratio of the solvents. Further, we investi-
gated the temporal evolution of the droplet/domain growth in emerging Pickering emul-
sions and bijels. 

The particle description in the hybrid LB/MD approach used here follows a standard 
molecular dynamics algorithm where the dynamics is computed by following their indivi-
dual trajectories based on solving Newton's equation of motion. Interactions between the 
particles can include for example hard sphere repulsion, electrostatic repulsion, or Van der 
Waals attraction. These are added by adding respective forces to the molecular dynamics 
algorithm. 
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Dissipative particle dynamics (DPD) on the other hand describes all components of the sys-
tem in terms of particles on the coarse grained level (as beads representing hundreds or 
thousands of molecules). In order to compensate for the lost degrees of molecular freedom, 
drag and noise contributions are added to the equation of motion (which becomes of the 
Langevin type) and interactions between beads are modeled using purely repulsive soft core 
potentials. The relative values of these repulsive interaction parameters determine the effec-
tive selectivity of beads towards each other. DPD has been used widely for dense fluid sys-
tems and complex fluids. Here we show that DPD is also capable of recovering the main 
features of anisotropic particles on the surface of a liquid bubble (with slightly increased 
compressibility to imitate air). In order to tackle larger systems of this type, particle methods 
such as DPD can be coupled to methods based on statistical field theory such as SCFT [24], 
DDFT [25], or even potentially to Lattice Boltzmann treatments such as the one considered 
here. 

8.1 Lattice-Boltzmann-MD simulations 
We performed simulations for different values of the droplet size while keeping the same 
ellipsoidal particle size. Below we present some snapshots from two simulations performed 
for two different values of the droplet of the ratio of the droplet diameter to the size of the 
simulation box Q (Q=0.4 and 0.8). In every simulation we initialized the system by setting 
the ellipsoidal particles at the fluid-fluid interface while aligning them in the same direction. 
The number of particles used in the two simulations is different, since putting a large num-
ber of particles for smaller droplets can induce numerical instability. This is due to the initial 
configuration we are using at the moment.  

 

 
Figure 11. Snapshots taken at different time showing evolution of the reorganization and 

reorientation of ellipsoidal particles at the interface of a droplet. The smaller drop-
let case, Q=0.4 (Lattice-Boltzmann simulation) 

- 59 - 



Proceedings Physics with Industry 2011 

 

 
Figure 12. Snapshots showing the evolution in time of the reorganization and the reorienta-

tion of ellipsoidal particles at the interface of a droplet for the larger droplet case, 
Q=0.8 (lattice-Boltzmann simulation) 

From the figures we see that after the initial time the particles start readapting their position 
and orientation with the interface of the droplet. For the case of a smaller droplet, we see that 
some particles are even expelled from the interface at the beginning of the simulation and 
later they come back to find a place among other particles. The simulation does not reach any 
kind of steady state. The system is still evolving. For the case of the larger droplet, the inter-
face adsorbed all the particles and they adapt a direction parallel to the tangential on the 
droplet interface.  

8.2 DPD simulations 
Simulations using dissipative particle dynamics were also performed for different droplet 
sizes and for a number of different rod lengths. In Fig.13 we present selected snapshots from 
a series of simulations for two selected cases, where the aspect ratio between rod length and 
droplet diameter was large (of the order of 3.0) and relatively small (around 0.3), keeping the 
average rod length fixed. Differently than in the previous section, here we initially placed the 
rods randomly throughout the simulation box and allowed them to assemble at the water—
droplet interface, a starting point meant to replicate the experimental non-equilibrium distri-
bution of rods around bubbles after shearing. In all cases the rods associated with the inter-
face (when appropriate interaction parameters were set), inducing the formation of ordered 
and closely packed domains. The number of rods introduced into the system was estimated 
based on optimal surface coverage, and the bubble was pinned in the center of the simula-
tion with an attractive external potential. 

The character of the domains, and behavior of the rods, is obviously largely controlled by 
their interactions with the other components, and in the case of DPD simulations, by the 
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respective interaction parameters. For the largest aspect ratio presented, the rods are longer 
than the diameter of the droplet, and strongly associate with each other. In this case, the rods 
formed a nest-like structure with several large, ordered domains that protrude into the bulk 
phase. For larger droplet sizes, this leads to densly packed multiple layers of rods on the 
interface. 

For the smaller aspect ratio, we present a snapshot where the short-ranged repulsive interac-
tions between rods are more pronounced than in the previous case. This would correspond 
to adding additional solvent such as alcohol by Zhou et al. in order to balance the association 
of rods [27]. Returning to our simulations, in this case the domains are more spread out on 
the droplet surface, and seem to be ordered over large distances on the spherical surface. In 
contrast, the original experimental images (see [27]) show only local ordering on patches 
akin to a random deposition process. At this point it is unclear what the reason is for the long 
range ordering achieved in these simulations. There are three clear possibilities: exaggerated 
noise due to the crude coarse graining (each DPD bead has a diameter of about 100nm), the 
still unrealistic shape of the rods, and the monodisperse distribution of rod lengths (as 
opposed to a highly polydisperse sample originally studied experimentally). 

It was within the limits of the workshop to probe the effect of polydispersity, and Fig. 13c 
shows representative snapshots of an identical simulation to Fig. 13b, but with a polydis-
perse rod population (same average). Visibly the orientation of rods on the surface appears 
to be less ordered, and the correlation of rod directions as a function of distance on the sur-
face confirms this (not shown). In order to produce more conclusive results and address the 
other possibilities, simulations for larger systems need to be performed. 

8.3 Conclusions and recommendations 
In our simulations we have reproduced the general behavior of rods on a droplet/bubble 
surface with two different methods, also using different initial conditions. It seems beneficial 
to try to further bring these different types of simulations closer in terms of system parame-
ters, and to scale them up in size. Although the aspect ratios used are still rough compared to 
the original problem system, these simulations are a good starting point to address the influ-
ence of population polydispersity, shear effects, and other factors. 

 
Fig. 13a 
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Fig. 13b 

 
Fig. 13c 

Figure 13. Snapshots showing the initial and later stages of selected DPD simulations of rigid 
rods (modeled as colloids) on bubbles of two sizes. The first simulation (a) is for a 
bubble with diameter smaller than the rod length, which leads to a nest-like struc-
ture. In the other simulations (b and c) the bubble diameter was larger than the 
length or rods, which in turn were generated from a monodisperse (b) or polydis-
perse (c) population. 

9. Discussion 
We have presented the results of our different approaches to the problem of self-assembly on 
curved surfaces. What we found, firstly, is that although some elements are present in the 
literature, a lot more research is needed. 

We have taken the first steps by looking at the analytical behaviour of the defects and the 
general geometry of such surfaces. In order to make the analytical calculation more realistic, 
one might want to add a directional energy cost for domains that fit together but have a dif-
ferent orientation of the rods. Furthermore, a better understanding of the exact energy cost 
associated with different boundaries is needed. 
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Our experiments show that the key features of the microscopic self-assembly, such as the 
formation of domains, can be captured by macroscopic systems. This suggests that the main 
effects are geometric in nature. Our experiments we limited by the behaviour of the rods at 
the surface. In the microscopic case, the rods can deform the surface of the bubble and they 
hardly overlap. We could not reproduce this in our macroscopic systems. As a next step it 
would be useful to repeat the experiments with a material that can be deformed by the rods 
and where the rods have more buoyancy. 

Finally, the simulations we performed were quite successful in reproducing the general 
behaviour of the self-assembly, but it seems that the domains that are formed are somewhat 
larger than in reality. To make these simulations more realistic, one would have to change 
the aspect ratio of the rods, as well as the size of the bubble and the entire system (easily 
within reach with these methods). It would be useful to further pursue the question of 
polydispersity in the rod population along, as demonstrated here for DPD simulations. 
Although more realistic simulations would be computationally more expensive, it is still 
possible to do them in a reasonable amount of time within our current framework. 

Thus, even though this is only preliminary research, we see some promising results. 

10. References 
[1] L. Onsager, Ann. (N.Y) Acad. Sci. 51, 627, 1949. 

[2] D. Frenkel and B.M. Mulder, Mol. Phys. 55, 1171, 1985. 

[3] P.G. Bolhuis and D. Frenkel, J. Chem. Phys. 106, 666, 1997. 

[4] M.A. Bates and D. Frenkel, J. Chem. Phys, 112, 22, 2000. 

[5] M.A. Bates and Daan Frenkel, J. Chem Phys, 110, 13, 1999. 

[6] J.J. Thomson, Philos. Mag. 7, 237, 1904. 

[7] Rainer Backofen et al, Phys Rev. E 81, 025701, 2010. 

[8] K Yaman et al, Phys. Rev. Lett 73, 28, 1997. 

[9] J. Dzubiella et al, Phys. Rev. E 62, 4, 2000. 

[10] M.J. Bowick, Luca Giomi, Adv. in physics, 58, 5, 449-563, 2009. 

[11] A.R. Bausch et al, Scinece 299, 5613, pp: 1716-1718, 2003. 

[12] T. Lopez-Leon et al, Nature Physics, 7, 391, 2011. 

[13] W.T.M. Irvine et al, Nature Letter 468, 947, 2010. 

[14] P. Lipowisky et al, Nature Materials 4, 407-411, 2005.  

[15] T.C. Lubensky and J. Prost, J. Phys. II France 2, 371, 1992. 

[16] D.R. Nelson, Nanoletters 2, 10 p.1125-1129, 2002. 

[17] V. Vitelli and D.R. Nelson, Phys. Rev. E 74, 021711, 2006. 

[18] T. Lopez-Leon, V. Koning, K.B.S. Devaiah, V. Vitelli, A. Fernadez-Nieves, Nature 
Physics 7, 391. 

[19] P.G. De Gennes and J. Prost (1993), The Physics of Liquid Crystal Cuboctahedron. (2011, 
September 10). In Wikipedia, The Free Encyclopedia. Retrieved 07:12, October 25, 2011, from 
http://en.wikipedia.org/w/index.php?title=Cuboctahedron&oldid=449573061. 

[20] F. David, in Statistical Mechanics of membranes and surfaces, D. Nelson, T. Piran, 
S. Weinberg (2004). 

http://en.wikipedia.org/w/index.php?title=Cuboctahedron&oldid=449573061


Proceedings Physics with Industry 2011 

- 64 - 

[21] F. Jansen, J. Harting, Phys. Rev. E 83, 046707, 2011. 

[22] F. Günther, F. Janoschek, S. Frijters, J. Harting, submitted, arXiv:1109.3277, 2011. 

[23] S.W. Sides, B.J. Kim, E.J. Kramer, G.H. Fredrickson, Phys. Rev. Lett. 96, 250601, 2006. 

[24] G.J.A. Sevink, and J.G.E.M. Fraaije, Modelling complex systems in full detail: a new 
approach, Complex Systems: 5th International Workshop on Complex Systems, volume 
982, 491–496, 2008. 

[25] D.M. Hall, T. Lookman, S. Banerjee, Chem. Eng. Sci. 64, 4754–4757, 2009. 

[26] W. Zhou, J. Cao, W. Liu, S. Stoyanov, Angew. Chem. Intl. Ed. 49, 378—381, 2009. 

 

 



Proceedings Physics with Industry 2011

Océ
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Abstract

We discuss the physical forces that are required to remove an air bubble immersed in a liquid from a
corner. This is relevant for inkjet printing technology, as the presence of air bubbles in the channels of a
printhead perturbs the jetting of droplets. A simple strategy to remove the bubble is to flush the ink past the
bubble by providing a high pressure pulse. In this report we first compute the viscous drag forces that such a
flow exerts on the bubble. Then, we compare this to the “sticking forces” on the bubble, due to the capillary
interaction with the wall. From this we can estimate the required flow velocities for bubble removal, as a
function of channel geometry, contact angle and ink properties. Finally, we investigate other ways to exert
a force on a trapped bubble. In particular we focus on forces induced by electric fields which can alter the
contact angle of the drop, or by locally applying thermal gradients. Once again, these forces are compared
to the sticking forces to identify the parameters where the bubble can be removed.

1 Company profile

Océ is a global leader in digital document management and delivery technology offering software solutions. Océ
makes a wide range of imaging equipment. Its products include digital copiers, printers, scanners, imaging
systems and related supplies for the office, printing, and engineering markets. At our own R&D locations
worldwide, Océ products are invented and engineered. The largest R&D site is in Venlo with about 800 employees,
mostly highly educated engineers in physics, mechanics, electronics, chemistry, information technology and
industrial design. In our Venlo R&D inkjet is a fast-growing core technology.

2 Problem description

In many inkjet systems air bubble entrapment in one of the ink channels sometimes occurs resulting in nozzle
failure and poor print quality. There are several methods to prevent or to solve this event. One way of prevention
is ink circulation in the print head. The ink flow will then remove the air bubble away from the ink chamber and
the jetting process will not be disturbed. One way of solving is to flush the microfluidic system using a pressure
pulse at the entrance.

The general problem of air bubble removal applies to different embodiments and geometries used by Océ
and several other companies. In order to optimize designs now in development and for next developments Océ
wants to have a better understanding of the basic physics involved and get quantitative data on thresholds for
removal of bubbles. However the implementation of the ink circulation requires a thorough modeling of the ink
flow. The problems below address parts of the total problem. However basic, these cases require a knowledge of
fluid mechanics and seems to be challenging enough to keep a group of student busy for several days.
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1 An air bubble is created in the angle of the L-shape tube with rectangle cross-section filled with a liquid
(see left hand side of figure 1). Calculate the minimum air bubble diameter and minimum liquid velocity
necessary for transferring the bubble out of the corner. Consider several cases for bubble contact angle and
liquid type. The flow through the system should remain laminar. Consider the tube surface as perfectly
flat.

2 An air bubble is created in a fluid chamber located between a filter and a narrow fluid passage (see right
hand side of figure 1). By applying a pressure pulse (time, amplitude) on the fluid above the filter fluid
will be pushed through the passage and may entrain the bubble into the passage. Fluid flow amplitude will
depend on pressure and viscous resistance of the passage itself and the fluid system after the passage. This
total resistance i.e. pressure needed to create the flow is a parameter to be considered. The pressure will
deform the bubble. Determine the parameter space of pressure and volume flow (amplitude, time), bubble
(size), material properties (fluid viscosity and surface tension, contact angles) and geometry (angle of the
corner, diameter of the passage, size of the chamber ) for which the bubble will or will not be entrained
into the passage. Dimensions given are indicative.

Figure 1: A schematic view of the two problems

3 Problem solving strategy

The goal of the project is to investigate how air bubbles can be removed from a corner. The main origin of
the problem is that the acoustic (pressure) fields during jetting induce a force that naturally drives bubbles to
the wall, and preferably into corners. The currently employed strategy is to remove the bubbles by flushing (or
purging) the ink channels once the acoustic field is switched off. In this research we focus on the forces needed
to remove the bubbles and aim to reveal the basic flushing dynamics in the vicinity of the corner. For this we
address the following questions:

• What is the flow field in the vicinity of a corner? In particular, is there a zone of recirculation that could
impede the flushing of a bubble?

• Is the bubble in direct contact with a wall or is separated from the wall by a thin film of ink?

• What are the forces and flow velocities required to remove a bubble from a corner?

• Are there other ways to exert forces on a bubble, as an alternative to flushing?

We first discuss basic features of the flow field in the whole printerhead and near a corner, both with and
without the presence of an acoustic field (see chapter 4. We consider the situation when a bubble is present
without touching the wall. The hydrodynamic forces on the bubble are estimated in chapter 5 and we derive
the timescales relevant for the flushing process (see chapter 5.3). Chapter 6 discusses the case where the bubble
is in contact with the wall. We compute the surface energy of the bubble inside and outside the corner, from
which we can estimate the force required to remove the bubble. This is then compared to the viscous drag
that can be achieved by flushing. In chapter 7 we explore alternative ways to force a bubble. In particular we
consider capillary forces induced by thermal gradients and electrostatic interactions. Our results leads to a set
of conclusions and recommendations for Océ, which are summarized in chapter 8.
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4 Flow regimes

This chapter describes the two flow regimes that occur within the printerhead. First the flow occurring during
normal operation is characterized. Section 4.2 treatens the flow occurring during the flushing of the head. In
both cases the presence of bubbles has not been accounted for.

4.1 During jetting

When droplets are being jetted, the flow in the channel is characterized by two dimensionless groups. To
determine these dimensionless groups, the following parameters of the flow are used.

uc = 0.6 ms−1 maximum velocity in the channel

ω = 250 kHz angular frequency of oscillatory flow

η = 0.01 Pa s viscosity

γ = 0.03Nm−1 density

Rc = 125 µm channel radius (1)

The first dimensionless group is the Reynolds number.

Re =
uRcρ

η
∼ 0.1 (2)

The Reynolds number is the ratio of steady inertia over viscosity. The small value indicates that fr the steady
component of the flow, inertia can be neglected. The second dimensionless group is the Womersley number.

Wo =

√
ωR2

cρ

η
= 21 (3)

The Womersley number is the ratio of unsteady inertia over viscosity. The large value indicates that the viscous
boundary layer is thin. This is helpful for removal of the bubble.

4.2 During flushing

If the printheads are flushed/purged a large pressure gradient is imposed over a relatively long time period (in
the order of 1 second) and the ink is pushed out of the head. Flushing is one of the possible means to remove
air bubbles in the ink. Flushing can be considered as a continuously applied pressure gradient over the head
during some time period. The ink in the head will move from the inlet to the nozzle. To get some idea of the
average velocity due to the pressure gradient we use the Hagen-Poiseuille equation for the channel

∆p =
8ηLu

R2
, (4)

using channel radius R = 125µm, L = 400µm with a pressure gradient of 10kPa gives a mean channel velocity
of about 5 m/s, which seems very large. If we simulate this with a Navier-Stokes solver (see Jeurissen (2009)),
including the nozzle which has a radius of 30µm and a height of 50µm we get umean ≈ 1 m/s in the nozzle, see
figure 2.

The average flow velocity in the nozzle and in the channel will be different primarily because of the different
areas of the nozzle and the flow channels. Since the mass flow rate in the channel and the nozzle should be equal
the following holds:

ρ uchannelAchannel = ρ unozzleAnozzle, (5)

which results in uavg,channel = (15/125)2 , uavg,nozzle ≈ 0.0144m/s. For the Reynolds number we use different
length scales for the channel and for the nozzle.

Rechannel =
ρLu

η
≈ 1090 250 exp (−6) 0.0144

0.01
= 0.4, Renozzle =

1090 15 exp (−6) 1

0.01
= 1.635, (6)

Looking at the streamlines the entire flow seems to be laminar, therefore we assume we are dealing with a Stokes
flow, see figure 3. For the flush case, with the time continuous pressure gradient we can assume that the Stokes
flow is steady.
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Figure 2: Mean nozzle velocity after 10 kPa flush

4.3 Viscuous eddies

Stokes flow near a sharp corner induces viscous eddies. A similarity solution for these eddies has been found
by Moffatt (1964). The streamlines inside the Moffatt eddies are closed, hence the flushing of a bubble can be
hindered by the existence of Moffatt eddies. A schematic example of the Moffatt eddies is shown in figure 4.

From the similarity solution the ratio of the successive distances of the centers can be found by:

ri
ri+1

= eπ/qi (7)

where r is the distance between the eddie and the sharp edge and qi is the imaginary part of the eigenvalue of the
similarity solution. For the case of an angle of 90◦, the imaginary part of the eigenvalue is 0.6 (Moffatt (1964)).
This leads to a ratio in the distances of 500. Since the maximum size of an eddie inside the ink chamber is the
size of the chamber itself: around 200 micrometer, the next eddie can be expected under 1 micrometer distance
from the corner. This is way below the critical bubble radius, hence a bubble of this size would immediately
dissolve into the ink.

5 Forces on a detached bubble

The forces on a bubble detached from the surface are evaluated. First the force that drives the bubble towards
the corner is explained. The forces that are exerted on the bubble during flushing are estimated in section 5.2.

5.1 During jetting

Two acoustic forces act on the bubble during normal printing. These forces are the primary Bjerknes force and
the secondary Bjerknes force. The first is the buoyant force on the bubble due to the acoustic field. The second
is the buoyant force on the bubble due to the pressure gradient that is caused by the volume oscillations of the
bubble. Primary Bjerknes force is not considered here. A more detailed treatment may be found in Jeurissen
(2009). The secondary Bjerknes force Fsec is the force that traps the bubble in the corner. It would vanish
for a bubble in an infinite volume of liquid, but it is nonzero due to the presence of the channel walls and the
meniscus at the nozzle. Secondary Bjerknes force pushes bubbles away from free surfaces and towards walls.
The magnitude of this force depends on the bubble volume. Under normal operating conditions, the ratio of
drag over secondary Bjerknes force is large for bubbles that are smaller than Rb = 10 µm, unless the bubble is
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Figure 3: Streamlines for the flush case

very close to the wall.
Fd
Fsec

=
9ηuRc

4πρω2R5
b

(8)

The distance to the wall has been taken to be equal to the channel radius. The ratio of these forces is proportional
to the fifth power of the bubble radius, which is rather steep. Therefore, secondary Bjerknes force is dominant
for bubbles larger than Rb = 10 µm.

Secondary Bjerknes force pushes bubbles towards the walls. In the corner, there are two walls nearby. The
result is that bubbles are especially attracted to corners. Since this force is dominant for all but the smallest
bubbles, the bubble can only be removed from the corner when the actuation has stopped.

5.2 During flushing

The drag over a bubble in a Stokes flow is given by

F = 4πuηR, (9)

which is obviously valid as long the assumptions for the Stokes flow are valid, i.e. laminar flow, incompressibility,
Re � 1. Now, assuming the sphere is small and does not the influence the flow significantly we can use this
simple expression for the drag estimate in the following way: suppose we have the velocity distribution of the
flow in the channel, then, assuming the sphere radius is small compared to the boundary layer thickness we can
use this expression to determine the sphere drag at each point of the distribution.

F = 4πu(r)ηR, (10)

which obviously loses validity in case the bubble size becomes of the same order as the channel width.

5.3 Flushing time

Flushing a bubble past a corner takes time. This time can be estimated by estimating the liquid velocity at the
bubble and choosing at what distance the bubble is considered to be close to the corner. For the estimate of
the liquid velocity, a Poiseuille flow profile is used. The distance of the bubble to the wall is taken to be equal
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Figure 4: Sketch of a Moffat eddie in a sharp 90◦ corner. Since the ratio between the distances of successive
vortices is 500, only one complete eddie has been drawn. In the corner we expect very small eddies, and far
away we expect a large eddie.

to the bubble radius. With a Poiseuille profile, the velocity at the bubble center is nearly proportional to the
bubble radius.

ub = uc
2Rb
Rc

(11)

When the bubble is in the corner, the velocity will be lower. To take this lowering of the velocity near the corner
into account, the velocity is halved. The bubble is considered to be close to the corner when the distance is
smaller than the channel radius. Therefore, dividing the channel radius by the bubble velocity gives the traversal
time.

T =
R2
c

ucRb
= 0.1 s (12)

The bubble radius of 15 µm was used here. This time is much shorter than the normal flushing time of 1 s.
Therefore, when the actuation has been halted, removing the bubble is not a problem once the bubble has been
dislodged from the corner.

6 Sticking bubble

The mobility of an air bubble on a flat surface is higher than of one trapped within a corner and is therefore
better to remove from the inside of an inkjet print head. Regarding this fact, the question arises, how much
work has to be delivered for a transition between these two states. We present a two dimensional analysis of
this problem, by comparing the energy of these two states for different equilibrium contact angles θ and corner
angles δ. From this we estimate the force to remove the bubble from the corner and compare this to viscous
drag.

6.1 2D model

Within the 2D model the liquid air interface is represented as circular arc of curvature radius R, intersecting
the walls of the corner with the contact angle θ with respect to the air phase, as shown in figure 5. The corner
is assumed to be horizontal with one side. In order to characterize the corner, we introduce the corner angle
δ, between the non horizontal wall and the horizontal. The bubble then covers a length l on both walls. The
volume of the bubble is considered equivalent to the cross section area

A = R2φ−R◦ sinφ cosφ+ kR sinφ, (13)

where

k = sin
δ

2
l. (14)

- 70 -



Proceedings Physics with Industry 2011

and

φ = θ − δ

2
, (15)

as denoted in figure 5.

δ θ

R(δ, θ)

φA

l(δ, θ)

θ

R(0, θ)

l(0, θ)

O

O

k(δ, θ)

A

2φ

2θ

Figure 5: Sketch of the two dimensional model, showing the quantities, mentioned in the text above.

The touching length of the bubble can then be described by

l = R
sinφ

cos δ2
. (16)

The interfacial energy of the bubble writes as a combination of the partition from the liquid/air and the liq-
uid/solid interface as

E = γ2φR− (γls − γsv)2l. (17)

Expression 17 can be simplified by including the Young Laplace equation

γ cos θ = γls − γsv. (18)

to
E = γ(2φR− 2l). (19)

The assumption of a constant volume allows to replace the curvature radius by

R =

√
A

φ− sinφ cosφ+ tan δ
2 sin2 φ

. (20)
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With equation 15, 16 and 20 the interfacial energy can be written as a function of just four quantities, that can
be measured and controlled within an potential experiment.

E = f(θ, δ, A, γ). (21)

6.2 Results

In our calculations we compared the energy state of a bubble (0◦ < θ < 180◦) within a corner (0◦ < δ < 180◦)
with those of a bubble of the same volume A sitting upon a flat surface

∆E = E(θ, δ, A, γ)− E(θ, 0, A, γ). (22)

δ

Figure 6: Energy difference landscape ∆E = E(θ, δ, 1, 1) − E(θ, 0, 1, 1). The valley occurs for a liquid/air
interface with no curvature along θ = δ

2 . Partially negative values are obtained, which denotes a bubble prefers
to stay in the corner.

If ∆E > 0, the flat surface is preferred if ∆E < 0, the corner is the preferred state for the bubble. This
consideration does not take into account the states during transition from one state to the other, but only the
equilibrium static energy states. Therefore it cannot give a solid statement on what will be observed in an
experiment, but it provides a good estimate of energies and the forces required to remove the bubble from the
corner.

Furthermore we can distinguish three wetting morphologies of the air bubble within the corner, dependent
on the combination of the contact angle θ and the corner angle δ, just by geometrical considerations. By doing
so, we find below a contact angle of

θ0 =
δ

2
(23)

an air wedge with a negative Laplace pressure (W-), which has no droplet shape, but is elongated along the
entire corner. In the region of higher contact angles, positive Laplace pressure leads to an instability of this
elongated structure, causing it to decay into located droplets (D+). Above a certain contact angle

θw = Π− δ

2
, (24)

the bubble stops to fill the entire corner and eventually the tip of the corner is filled with a liquid wedge (D+/W).
Figure 7 shows the parameter space of θ and δ, in which the combination of the energy difference ∆E and

the occurrence of the three different morphologies, creates five different scenarios, which are illustrated beside
the phase diagram. Thereby different scenarios for a same type of morphology are found, for different θ. For
small θ the morphology (W-) is subject to scenario (A) thus has its favorable state in a plane surface and for
higher θ to scenario (B) thus prefers to stay in the corner (preferred states are denoted by arrows within the
sketches). For morphology (D+) the lower energy state is within the corner (C). For (D+/W) again two different
scenarios (D) and (E) occur at small and higher θ respectively. Again, this scenarios only show, what the our

- 72 -



Proceedings Physics with Industry 2011

simple calculations deliver and should not be taken as a prediction for an experiment. The transition from one
energy state to another is not linear and so probably an energy barrier has to be overcome. The most doubtful
scenario is (A), since a negative Laplace pressure would oppose a detachment as shown by Prakash et al. (2008).

A

B

C

D

E

θ0 = δ/2

θw = −δ/2 + π

W−

W−

D+

D + /W

D + /W

δ

Figure 7: Phase diagram of the a bubble in a corner, showing states ∆E > 0 for which the flat surface is favorable
(red) and ∆E < 0 for which the corner is favorable (green). The separation line θ0 = δ

2 indicates vanishing

Laplace pressure and θw = Π− δ
2 . The combination of both considerations divides the diagram into five sections,

within those different scenarios are shown for the corner angle δ = 150◦. The scenarios sketch which transition
is favorable for individual morphologies for different contact angles θ.

Again, this scenarios only show, what the our simple calculations deliver and should not be taken as a
prediction for an experiment. The transition from one energy state to another is not linear and so probably
an energy barrier has to be overcome. The most doubtful scenario is (A), since a negative Laplace pressure
would oppose a detachment as shown by Prakash et al. (2008). The found morphologies however are in very
well agreement with Brinkmann & Blossey (2004).

6.3 3D model

A bubble can be trapped in the corner due to its surface energy. The amount of energy needed to move the
bubble away from the corner can be found by comparing the change in surface areas. When one divides this
energy by the distance the bubble needs to travel away from the corner, the minimal displacement force is found.
This force can be used to find the minimal flushing velocity for a trapped bubble in a given corner. Due to the
fact that the volume of the bubble is finite, and the fact that the contact angle is usually not exactly 90◦, it is
necessary to consider the energy balances of 3D bubbles, even for a 2D corner.

6.3.1 3 dimensional bubble with a contact angle of 90◦

For the case of a 90 degree contact angle, only the gas-liquid interface adds to the surface energy. The energy
needed to move a bubble away from a 90 degree corner is given by: The Volume is constant and given by V ,
the surface tension is given by γ, the energy of the corner bubble is given by Ec,energy of the bubble on a flat
plate is given by Ep. The radius of the corner bubble is given by Rc, the radius of the bubble on the flat plate
is given by Rp We start by taking a reference sphere of radius R, which sets the constant volume: V = 4

3πR
3.

The radius of the bubble at the edge is given by:

R3
p = 2R3 so : Rp = 21/3R (25)

R3
c = 4R3 so : Rc = 41/3R (26)

hence:

Ap = 2πR2
pv = 25/3πR2 (27)

Ac = πR2
c = 42/3πR2 (28)
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The minimal energy needed to remove the bubble from the straight edge is given by:

∆E = Ep − Ec = γπR2(2
5
3 − 4

2
3 ) ≈ 0.65γπR2 (29)

The minimal force needed to move the droplet from the 90◦ corner is then given by Fγ = ∆E
R = 0.65γπR. By

giving a ratio between the surface tension force and the drag force on the bubble, we can find the minimal velocity
necessary to remove the bubble from a straight edge. The stokes drag on a bubble is given by Fη = 4πηR.

Rγ
Rη
≈ 0.1γ

ηu
(30)

When this ratio crosses 1, the viscous force exceeds the force necessary to draw the bubble from the corner,
giving the critical velocity:

u =
γ

10η
= 0.5[ms−1] (31)

for γ = 0.05 N/m, and η = 0.01 Pa · s.

6.3.2 3 dimensional bubble at a 90 degree edge with a contact angle below 45◦

A bubble on an edge with a contact angle below Θ = 45◦ will show a spherical shape. Therefore bubble will have
two circular contact lines with the wall, and the change of area can be found as a function of the initial volume
and the contact angle. Multiplying the change in solid-liquid, solid-vapor and liquid vapor interfaces with their
respective surface tensions, the change in surface energy is found. The minimal displacement distance to loose
contact with one of the walls is the thickness of the red spherical caps (h) in figure 8. Hence the minimal force
to detach the bubble from the wall is given by ∆E

h . From the balance with the drag force, the minimal velocity
necessary to flush the bubble is given by:

u =
∆E
h

4πηRc
(32)

The angle dependent minimal flushing velocity is shown in figure 9

π-Ɵ

Rc
Rp

h

π-Ɵ

Figure 8: Removing a bubble from a partial wetting (Θ < 45◦) corner.

6.4 Wrap-up

Both a two-dimensional calculation and a three-dimensional calculation of the sticking force were performed.
The two-dimensional calculation is relevant for large contact angles, where the bubble aspect ratio is large. In
this case, the sticking force is very large. The bubble can not be flushed out in this case. However, a regime of
contact angles and wedge angles has been found, where the bubble leaves the corner spontaneously.
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Figure 9: Velocity necessary near the bubble to remove it from the 90◦ edge for the given contact angle.

For small contact angles, a three-dimensional calculation revealed the dependence of sticking force on the
contact angle for a wedge angle of 90◦. This calculation can be extended to arbitrary wedge angles, but this
was not pursued here. When the contact angle increases, the sticking force decreases monotonously to zero. In
the perfect wetting case, the bubble does not stick. For a contact angle of 90◦, the sticking force was calculated
analytically. An ink velocity of u = 0.5 ms−1 at the bubble is required in this case. Since the velocity at the
bubble is about a tenth of the mean velocity in the channel, and the velocity in the nozzle is 100 times as large
as the velocity in the channel, the ink would be ejected from the nozzle at a velocity of 500 ms−1, which requires
a pressure of P > 100 MPa, which is unfeasible.

7 Alternative removal mechanisms

In addition to the normal flushing operation to remove bubbles from the printhead it would be favorable to have
additional mechanisms that are able to remove the bubble. A mechanism that could remove bubbles during
printhead operation would be ideal, but also mechanisms removing bubble during stand still would be favorable
with respect to flushing, which gives rise to the spilling of large amounts of ink.

7.1 Marangoni effect

A possible mechanism for the disposal of the bubble is thermal migration. A temperature gradient over the bubble
causes a non-uniform surface tension over the surface. This gradient in surface tension induces is balanced by
a motion along the surface and implies a boundary condition on the flow in the matrix liquid, the so-called
Marangoni effect (Young et al. (1959)). A flow inside the bubble is generated as well, but due to the large ratio’s
between the viscosities of the bubble and matrix fluid the influence of this flow on the outer flow is negligible.
A sketch of the resulting flow field with respect to the bubble is given in figure 10.

A first step in deriving the induced flow, and thus the force exerted on the bubble is the estimation of the
order of magnitude of the flow for a bubble in an infinite medium. The force induced by the surface tension
gradient over the bubble equals equation 33, with z the coordinate in the direction of the temperature gradient:

Fth =

∫
Ab

dγ

dz
dA (33)

- 75 -



Proceedings Physics with Industry 2011

Figure 10: The flow field around a bubble in an infinite medium as induced by a thermal gradient

Which can be simplified to equation 34 to derive the order of magnitude:

Fth ≈
dγ

dz
Ab (34)

The gradient in surface tension with respect to z can be obtained from the applied temperature gradient:

dγ

dz
=
dγ

dT

dT

dz
(35)

The velocity induced by this force can be obtained using the formula for stokes drag:

FD = 4πηRu (36)

The velocity has thus a linear dependence with both bubble radius and thermal gradient. For a typical
bubble observed in an inkjet-device (Rb = 15µm, liquid properties those of water) and a temperature gradient
of 100 K/m, this would result in a bubble velocity of 3 mm/s.

Young et al. (1959) derived the terminal velocity of such a bubble for the case when both Reynolds num-
ber and Marangoni number are approaching zero, which is a reasonable good approximation for the current
parameters. When gravity is neglected (we consider horizontal temperature gradients here) this equation is:

Vy = − 2‖dTdz ‖
dγ
dTR

η(2 + 3α)(2 + β)
(37)

Here α and β are the ratio’s of the bubble-phase and the continuous phase for the viscosity and thermal
conductivities respectively. For a gas bubble in a liquid both are negligibly small. For a water-air interface
the surface tension varies linear with temperature. Figure 11 shows the obtained velocities as a function of the
temperature gradient at different bubble radii.

The thermal gradient in the liquid also induces a density driven flow in the direction opposite to the induced
bubble velocity. A dimensional analysis shows us that this force is negligible with respect to the thermal bubble
migration at these flow conditions.

For thermal driven bubble migration to be effective as a mechanism for removing bubbles from the inkjet
head, the force must be large enough to counter the forces driving the bubble towards the corner of the chan-
nel. The crucial force to withstand is the secondary Bjerknes force induced by the acoustic oscillations (see
section 5.1).
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Figure 11: The flow field around a bubble in an infinite medium as induced by a thermal gradient

7.2 Bubble velocity due to the vapor transfer across the bubble

It is shown in Speight (1964) that gas bubbles may migrate due to the vapor transport of surrounding material
across the bubble under influence of the temperature gradient. This happens in case when the gas (air) inside
the bubble coexists with sufficient amount of vapor of the surrounding liquid. The mechanism of such migration
is based on the fact that the vapor pressure p and vapor concentration c are sensitive to the temperature as
given by:

p = p0e
− l

kT (38)

and:

c =
p0

kT
e−

l
kT (39)

Here p0 is the pressure constant for the vapor, l is the latent heat per atom, T is the average temperature
in the bubble and k is the Boltzmann constant: 1.380649 10−23 J/K.

The flow of vapor atoms from the hot to the cold part of the bubble surface due to the vapor concentration
difference gives rise to bubble migration velocity estimated in Speight (1964) as uB = ARdT/dx. A is defined
as follows:

A =
1

6πγσ2

√
8kT

πm

l

T

p0Ω

kT
e−

l
kT (40)

Here R is the radius of the bubble, dT/dx is the temperature gradient, γ is the surface tension, σ is the
diameter of the vapor atom, m is the mass of the vapor atom in and Ω is the volume of the vapor atom.

The following reasonable values of the above mentioned parameters have been set (mainly corresponding
to water at room temperature, 25◦C):

p0 = e20.386101325/760 Pa
l = (43.99 kJ/mol)/NA = 43990/(6.022141 1023) J
T = 298 K
γ = 71.97 10−3 N/m
σ = 151.50 10−12 m
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Figure 12: The droplet under the influence of electrowetting effect. Voltage applied to the electrode underneath
the droplet leads to the reduction of the contact angle. Figure from Zhao & Cho (2007).

m = 2.99151 10−26 kg
Ω = 4πσ3/24

Constant A in equation 40 can be estimated then as 3.820 10−6 m/s/K. This means that for example to
reach the bubble velocity uB of 10 µm/s it is required to apply a temperature difference to the opposite ends of
the bubble of uB/A = 2.6K. This requires enormous temperature gradients across the micrometer size bubbles,
which makes this migration mechanism not practical.

7.3 Bubble velocity due to the electrostatic force

In present chapter we will estimate the electrostatic force acting on the air bubble embedded in water. According
to L.D. et al. (1982) a spherical cavity of radius R in a surrounding dielectric with dielectric constant ε possesses
an electric dipole moment pE under influence of electric field Z:

pE = 4πε0
1− ε
1 + 2ε

R3Z (41)

Here ε0 is vacuum permittivity, 8.854 10−12 C/V/m.
This electric dipole moment induced by an impurity in a dielectric medium will experience a force pEdZ/dx

due to the gradient of the electric field Z in space. So the force trying to move the bubble can be written as:

F = 3
dZ

dx
Zε0

1− ε
1 + 3ε

V (42)

V is the volume of the bubble, V = 4πR3/3.
By choosing the values of the water dielectric constant ε = 80, radius of the bubble R = 100µm and quite

optimistic values of electric field Z = 100 V/mm and its gradient dZ/dx = 1 V/mm/mm we get the value of the
force in equation 42 of 5.46 10−12 N.

By using the Stokes law this force can be converted in effective bubble velocity uB as follows: uB =
F/(6πηR). By using the viscosity of water η = 0.001 Pa s it is apparent that uB = 2.9µm/s, which is rather
low. It is also visible from equation 42 that the bubble velocity decreases with the decreasing bubble radius as
∝ R2.

7.4 Electrowetting effect on bubbles

It is known from Zhao & Cho (2007) that electrowetting effect (see Mugele & Baret (2005)), which can be used
to manipulate droplets (e.g. make the droplet spread over the surface by applying electric potential), can be
used as well to influence bubbles.

The electrowetting effect is based on the dependence of the surface tension coefficients and the contact
angles on the applied electric field (potential). The droplet under the influence of electricowetting effect is shown
in figure 12.

This effect can be used to try to detach the bubble from the surface instead of spreading the droplet over
the surface (see figure 13). Work (e.g. Zhao & Cho (2007)) shows that applying moderate voltages (50 - 90 V)
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Figure 13: The bubble under the influence of electrowetting effect. Voltage applied to the electrode underneath
the bubble leads to the reduction of the contact angle (from the liquid side). Figure from Zhao & Cho (2007).

Figure 14: The illustration of the transport of the bubble by applying the voltage in sequence to the electrodes
underneath the bubble. Figure from Zhao & Cho (2007).

to the electrode positioned under the dielectric surface on which the bubble is placed can result in reduction
of the contact angle (from the liquid side) from 117◦ to 73◦. Such manipulation can make the flushing of the
bubble easier by increasing of the effect of the ink flow on the bubble.

Figure 14 from Zhao & Cho (2007) shows how the bubble can be transported in desired direction by applying
voltage to a number of electrodes in sequence.

8 Conclusions & recommendations

The removal of a bubble from a corner has been investigated. When the bubble is not attached to the wall, but
it is near the corner, the normal flushing operation should be sufficient to remove the bubble. The flow pattern
that results from the flushing was calculated. The velocity close to the corner is still significant. The drag force
on the bubble has been estimated.

In order to determine whether the viscous drag is sufficient to remove the bubble from the corner, the
retaining force has been calculated by an analysis of the surface energy of a bubble in the corner and of a bubble
in contact with a flat wall. For any finite contact angle, the energy of a bubble is lower in the corner, which gives
rise to a retaining force. This retaining force is large enough to withstand the drag that would arise if the liquid
were ejected with sonic (in air) speed from the nozzle, for a contact angle of 90◦. For lower contact angles, the
retaining force diminishes quickly. For a perfectly wetting surface, the capillary force on the bubble is zero.

For contact angles of 90◦ or more, the bubble cannot be removed by flushing. Preventing the bubble from
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reaching the corner becomes very important in this case. Two effects that may be used to push the bubble
away from the corner were examined. The first effect is thermal migration. Three kinds of thermal influence
have been considered in this report. One of them is the Marangoni effect that moves the bubble due to the
dependence of the surface tension on temperature. This is the dominant contribution to the thermal migration
of the bubble. The other two thermal effects are thermal convection and transfer of the vapor across the bubble
due to the temperature difference at the opposite sides of the bubble. These effects are both negligible. Of these
three thermal effects, only the Marangoni effect is significant. The second effect is electromigration, where an
electric field induces a force on the bubble. This force is too small to overcome secondary Bjerknes force, though
electrowetting may be sufficient to reduce the retaining force enough to enable flushing.

Since bubbles can only be removed when the contact angle is small (hydrophyllic), controlling the wetting
properties in the channel is crucial. Thermal migration may be used to prevent the bubble from reaching the
corner, so that less ink is needed to flush the bubble. To use this effect, the corner must be kept cool. If these
efforts prove to be insufficient, electrowetting can be investigated to enable flushing the bubble.
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